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We develop a data-driven framework for extracting complex spatiotemporal patterns generated by
ergodic dynamical systems. Our approach, called Vector-valued Spectral Analysis (VSA), is based
on an eigendecomposition of a kernel integral operator acting on a Hilbert space of vector-valued
observables of the system, taking values in a space of functions (scalar fields) on a spatial domain.
This operator is constructed by combining aspects of the theory of operator-valued kernels for
machine learning with delay-coordinate maps of dynamical systems. Specifically, delay-coordinate
maps performed pointwise in the spatial domain induce an operator acting on functions on that
domain for each pair of dynamical states. Unlike conventional eigendecomposition techniques, which
decompose the input data into pairs of temporal and spatial modes with a separable, tensor product
structure, the patterns recovered by VSA can be manifestly non-separable, requiring only a modest
number of modes to represent signals with intermittency in both space and time. In addition, our
kernel construction naturally quotients out any symmetries present in the data. We show that in
the limit of infinitely many delays the kernel integral operator employed in our scheme commutes
with a Koopman operator governing the evolution of vector-valued observables under the dynamics;
as a result, in that limit our recovered patterns lie in simultaneous eigenspaces of these operators
associated with the point spectrum of the dynamical system. We present applications of VSA to the
Kuramoto-Sivashinsky model, which demonstrate considerable performance gains in efficient and
meaningful decomposition over eigendecomposition techniques utilizing scalar-valued kernels.

I. INTRODUCTION

Spatiotemporal pattern formation is ubiquitous in
physical, biological, and engineered systems, rang-
ing from molecular-scale reaction-diffusion systems, to
engineering- and geophysical-scale convective flows, and
astrophysical flows, among many examples [1–4]. The
mathematical models for such systems are generally
formulated by means of partial differential equations
(PDEs), or coupled ordinary differential equations, with
dissipation playing an important role in the development
of low-dimensional effective dynamics on attracting sub-
sets of the state space [5–7]. In light of this property,
many pattern forming systems are amenable to analy-
sis by empirical, data-driven techniques, complementing
the scientific understanding gained from first-principles
approaches.

Historically, many of the classical proper orthogonal
decomposition (POD) techniques for spatiotemporal pat-
tern extraction have been based on the spectral proper-
ties of temporal and spatial covariance operators esti-
mated from snapshot data [8, 9]. In Singular Spectrum
Analysis (SSA) and related algorithms [10, 11], the com-
bination of this approach with delay-coordinate maps of
dynamical systems [12–16] generally improves the repre-
sentation of the information content of the data in terms
of a few meaningful modes. More recently, advances in

machine learning and applied harmonic analysis [17–29]
have led to the development of techniques recovering tem-
poral and spatial patterns through the eigenfunctions of
kernel integral operators (e.g., heat operators) defined in-
trinsically in terms of a Riemannian geometric structure
of the data. In particular, in a family of techniques called
Nonlinear Laplacian Spectral Analysis (NLSA) [30–32],
as well as in independent work in [33], the diffusion maps
algorithm [20] was combined with delay-coordinate maps
to extract spatiotemporal patterns through the eigen-
functions of a kernel integral operator adept at capturing
distinct and physically meaningful timescales in individ-
ual eigenmodes from multiscale high-dimensional signals.

At the same time, spatial and temporal patterns have
been extracted from eigenfunctions of Koopman [34–39]
and Perron-Frobenius [40, 41] operators governing the
evolution of observables and probability measures, re-
spectively, in dynamical systems [42–44]. In [36], it was
shown that the dynamic mode decomposition (DMD) al-
gorithm [45, 46] can, under some conditions, approximate
spatial patterns called Koopman modes, corresponding
to projections of the data onto eigenfunctions of the
Koopman operator. The DMD algorithm can be imple-
mented as a singular value decomposition of a linear op-
erator relating time-shifted snapshots to a reference snap-
shot dataset. As shown in [37], this has connections with
linear inverse modeling (LIM) techniques [47]. In [48], an
extended formulation of DMD was developed using as an
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approximation space a dictionary of functions providing
greater flexibility and stronger convergence guarantees
than the snapshot-based dictionary employed in DMD.
In [49–51], an approximation scheme targeting the gen-
erator of the Koopman group (as opposed to Koopman
operators themselves) was developed using a data-driven
orthonormal basis of the Hilbert space of the dynamical
system acquired through diffusion maps.

In general, Koopman and Perron-Frobenius techniques
target operators defined intrinsically for the dynamical
system generating the data, and thus can, in principle,
recover temporal and spatial patterns of higher physical
interpretability and utility in predictive modeling than
POD and kernel integral operator based approaches. In
practice, however, the Koopman and Perron-Frobenius
operators tend to have significantly more complicated
spectral properties (e.g., non-isolated eigenvalues and/or
continuous spectrum), hindering the stability and con-
vergence of data-driven approximation techniques. In
[50, 51] these issues were addressed at least in the case
of systems with pure point spectra and mixed spectra of
their Koopman operators. There, it was shown that the
eigenfunctions recovered by kernel integral operators de-
fined on delay-coordinate mapped data (e.g., the covari-
ance and heat operators in SSA and NLSA algorithms,
respectively) in fact converge to Koopman eigenfunctions
in the limit of infinitely many delays, indicating a deep
connection between these two major branches of data
analysis algorithms.

All of the techniques described above recover from the
data set of temporal patterns and a corresponding set
of spatial patterns, referred to in [8] as “chronos” and
“topos” modes, respectively. In particular, for a dynami-
cal system with a state space X developing patterns in a
physical domain Y , each chronos mode, φk, corresponds
to a scalar- (real- or complex-) valued function on X,
and the corresponding topos mode, ψk, corresponds to a
scalar-valued function on Y . Spatiotemporal reconstruc-
tions of the data with these approaches thus correspond
to linear combinations of tensor product patterns of the
form φkψk, mapping pairs of points (x, y) in the prod-
uct space Ω = X × Y to the number φk(x)ψk(y). For
a dynamical system possessing a compact invariant set
A ⊆ X with an ergodic invariant measure (e.g., a dis-
sipative system) and states sampled “on the attractor”,
the chronos modes become scalar-valued functions on A,
which may be of significantly smaller dimension than X,
increasing the feasibility of robust approximation of these
modes from finite datasets. As discussed below, if the
system additionally possesses a so-called physical mea-
sure [52], these patterns can also be approximated from
data lying near the invariant set, as would be the case in
a typical experimental scenario.

Evidently, for spatiotemporal patterns f(x, y) of
high complexity, tensor product patterns of the form
φk(x)ψk(y) with separable dependence on x and y can be
highly inefficient in capturing the properties of the input
signal. That is, the number of such patterns needed to

recover f via a linear superposition
∑
k φkψk would gen-

erally be large, and none of the individual patterns φkψk
would be representative of f . In essence, the problem is
similar to that of approximating a non-separable space-
time signal in a tensor product basis of temporal and spa-
tial basis functions. Another issue with tensor product
decompositions based on scalar-valued eigenfunctions,
which has received considerable attention [9, 53] is that
in the presence of nontrivial spatial symmetries, the re-
covered patterns are oftentimes pure symmetry modes
(e.g., Fourier modes in a periodic domain with trans-
lation invariance), with minimal dynamical significance
and physical interpretability

Here, we present a framework for spatiotemporal pat-
tern extraction, called Vector-valued Spectral Analysis
(VSA), designed to alleviate the shortcomings mentioned
above. Instead of producing separable space-time modes,
our approach recovers patterns in a Hilbert space of
vector-valued observables assigning a scalar field (spatial
pattern) on Y for every dynamical state in A, without
imposing a separable structure. We recover data-driven
patterns in this space through the eigenfunctions of a ker-
nel integral operator, PQ, constructed using the theory of
operator-valued kernels [54–56]. As in NLSA algorithms,
PQ operates on data in delay-coordinate space with Q
delays, and has analogous relationships with Koopman
operators as those established in [50, 51]. However, un-
like NLSA and other techniques recovering scalar-valued
temporal patterns, the kernel pQ of our integral operator
is a function of both the state of the dynamical system
in A and the spatial position in Y ; in particular, for ev-
ery pair of dynamical states in A, there is a bounded
linear operator acting on functions on Y (as opposed to
a real number as in the case of NLSA and comparable
algorithms) constructed from pQ.

As we will show, every eigenfunction of PQ can be
equivalently characterized as a function-valued function
on A, taking values in a Hilbert space of scalar functions
on Y , or as a scalar-valued function on the set BQ ⊆ RQ
of delay-embedded sequences corresponding to all dy-
namical states in A and spatial points in Y . In particular,
BQ can be understood as the base space of a topological
bundle with the product space M = A×Y ⊆ Ω acting as
the total space and the observation function FQ in delay-
coordinate space as the projection map. This structure
naturally quotients out any spatiotemporal symmetries
present in the delay-embedded data (which may depend
on Q), reducing the dimension of M when such symme-
tries are present. Moreover, the eigenfunctions of PQ can
have a manifestly non-separable structure. In fact, we
will see that for small to moderate numbers of delays
the leading non-constant eigenspace of PQ can capture a
large portion of the input signal. Thus, our kernel acts as
a matched filter for the spatiotemporal signal generated
by the dynamical system. This property has useful ap-
plications requiring estimation of level sets of functions
from noisy data, such as topological data analysis [57],
and is mathematically related to nonlocal averaging tech-
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niques in image processing. Besides spatiotemporal data,
this bundle construction may be useful in other scenarios,
such as analysis of data generated by dynamical systems
with varying parameters [58].

Another limit of interest corresponds to infinitely many
delays, Q → ∞, where a result that generalizes the re-
sults in [50, 51] is found to hold. Namely, as Q → ∞,
KQ and PQ converge to operators, K∞ and P∞, respec-
tively, that commute with the lift of the Koopman oper-
ator of the dynamical system on M . This result implies
that K∞ and P∞ have common eigenfunctions with the
lifted Koopman operator, and thus act as filters recover-
ing the component of the signal associated with the dis-
crete Koopman spectrum. We demonstrate the utility of
our approach in the context of the Kuramoto-Sivashinsky
(KS) model [59, 60] in chaotic regimes.

The plan of this paper is as follows. In Section II, we
introduce the class of systems under study, and establish
our notation. Section III presents the VSA framework for
spatiotemporal pattern extraction using operator-valued
kernels. Section IV discusses certain connections between
our framework and the theory of topological bundles,
which are useful for gaining intuition on the behavior
of our technique, particularly in the presence of symme-
tries. In Section V, we examine the asymptotic behav-
ior of VSA in the limit of no delays or infinitely-many
delays, and establish connections with nonlocal averag-
ing and Koopman operators, respectively. Section VI
describes the data-driven implementation of our tech-
niques. That section includes Theorem 6 and Corol-
lary 7, which establish convergence of our data-driven
algorithms to their counterparts in section III. In Sec-
tion VII, we present our applications to the KS sys-
tem. Our primary conclusions are described in Sec-
tion VIII. The paper includes four appendices contain-
ing a summary of the properties of Koopman eigenfunc-
tions and technical results. All numerical results pre-
sented here were obtained via a Matlab code which is
available for download from the first author’s personal
website, http://cims.nyu.edu/~dimitris.

II. NOTATION AND PRELIMINARIES

Let Φt : X 7→ X, t ∈ R, be a continuous-time flow on
a differentiable (of class C1) manifold X, generated by
a Lipschitz vector field v : C1(X) 7→ C(X), possessing a
compact invariant set A ⊆ X and an ergodic invariant
probability measure µ with support equal to A. As with
every such manifold, X can be equipped with a metric
d̄X : X×X 7→ R+; in what follows we will not require an
explicit specification of d̄X , but its existence will be used
in the proof of Theorem 6. Let also (Y, d̄Y ) be a compact,
connected metric space equipped with a Borel probability
measure ν. In what follows, (X,Φt) will be the dynamical
system generating the data and Y the spatial domain in
which measurements are taken. The measure ν provides
a notion of normalized volume on Y . In addition, we

consider that we observe the system at a fixed sampling

time interval τ > 0 through a function ~F ∈ C(X;C(Y ));

that is, for every x ∈ X, Fx = ~F (x) is a continuous
scalar-valued function on Y , and the dependence of Fx on

x is continuous. Associated with ~F is a continuous scalar-
valued F function on Ω = X × Y such that F (x, y) =
Fx(y). The product space Ω can be equipped with a
metric d̄Ω : Ω 7→ Ω induced by d̄X and d̄Y .

The assumptions stated above are sufficient to ensure
that the VSA framework introduced below is theoreti-
cally well posed. Additional assumptions are needed to
ensure that our scheme is amenable to data-driven ap-
proximation using finite numbers of sampled points in X
and Y . These assumptions will be stated in Section VI A.

Next, we introduce groups of Koopman operators [42–
44], governing the evolution of scalar and vector-valued
observables under the dynamics on X. For that, we first
specify appropriate function spaces. In the case of scalar-
valued observables, f : X 7→ C, the standard space to
consider is the Hilbert space L2(A,µ) associated with the
invariant measure. Hereafter, we abbreviate our nota-
tion for this space using HA = L2(A,µ), and also use the

notations 〈f, g〉HA =
∫
A
f∗g dµ and ‖f‖HA = 〈f, f〉1/2HA

for its inner product and norm, respectively. Similarly,
we consider scalar-valued observables on the spatial do-
main Y and the product space M = A×X lying in the
Hilbert spaces HY = L2(Y, ν) and HM = L2(M,ρ), re-
spectively, where ρ = µ × ν is the product probability
measure between the invariant measure of the dynamics
and the volume measure of the spatial domain. The in-
ner products and norms of these spaces are defined anal-
ogously to those of HA, and will be denoted using HY

and HM subscripts, respectively. Because the measures
µ and ν are both finite (and thus HA and HY are both
separable), HM is isomorphic to the tensor product space
HA⊗HY ; that is, every element f ofHM can be expressed
as a countable sum f =

∑∞
k=0 gkhk with gk ∈ HA and

hk ∈ HY .

The Koopman operator on HA at time t ∈ R is the
unitary, bounded operator U t : HA 7→ HA that acts on
observables via composition with the flow map, namely
U tf = f ◦ Φt, or equivalently, U tf(x) = f(Φt(x)), where
the equality holds up to null sets in A with respect to µ.
Note that the unitarity of U t, U t∗U t = U tU t∗ = IHA ,
is a consequence of Φt preserving µ, and we also have
U−1t = U−t. The Koopman operators on HA trivially

lift to the unitary Koopman operators Ũ t = U t ⊗ IHY
on HM , which are composition operators associated with
the flow Φ̃t = Φt ⊗ IY . Note that “dynamics” on the
spatial domain Y are trivial under this flow, as they are
described by the identity map IY . Moreover, Φ̃t is man-
ifestly non-ergodic, as every set of the form A × S with
ν(S) > 0 is Φ̃t-invariant and has positive µ-measure. Fur-
ther details on the properties of Koopman operators are
included in Appendix A.

Koopman operators give rise to a distinguished class
of observables through their eigenfunctions. In the case

http://cims.nyu.edu/~dimitris
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of U t, the Koopman eigenvalue problem reads

U tz = Λtz, Λt ∈ C, z ∈ HA.

As discussed in Appendix A, in ergodic dynamical sys-
tems the eigenvalues Λt are simple, lie on the unit circle,
and take the form Λt = eiαt, where α are real frequencies.
Thus, under the action of U t, every such eigenfunction
evolves by multiplication by a periodic phase factor; this
makes Koopman eigenfunctions highly predictable ob-
servables. In addition, Koopman eigenfunctions have the
important property of being intrinsic to the dynamical
system; i.e., they do not depend on additional structures
such as a Riemannian geometry often utilized in mani-
fold learning algorithms. In measure-preserving systems,
Koopman eigenfunctions corresponding to distinct eigen-
values are orthogonal by unitarity of U t. Hereafter, we
will assume that all eigenfunctions of U t are continuous;
while this is not necessarily the case, we are not aware of
any continuous-time flows with discontinuous Koopman
eigenfunctions (though discrete-time dynamical systems
with discontinuous Koopman eigenfunctions are known
to exist [61]).

The eigenvalue problem for the lifted Koopman oper-
ator on HM ,

Ũ tz̃ = Λ̃tz̃, Λ̃t ∈ C, z̃ ∈ HM , (1)

is structurally very similar to that for U t; in fact, it is a
direct consequence of the definition of Ũ t that its eigen-
values are the same as those of U t. However, in contrast
to the one-dimensional eigenspaces of U t, the eigenspaces
of Ũ t are all infinite dimensional. In particular, given any
eigenfunction of U t at eigenvalue Λt and any spatial pat-
tern ψ ∈ Hy, the function z̃ = zψ is an eigenfunction of

Ũ t at the same eigenvalue.
Here, in addition to spaces of scalar-valued observ-

ables, we will be interested in vector-valued observables
lying in the space H = L2(A,µ;HY ). This space consists
of (equivalence classes of) functions on A taking values
in HY , which are square-integrable with respect to the
invariant measure µ. That is, every observable f ∈ H
satisfies

∫
X
‖f(x)‖2HY dµ(x) < ∞. H is a Hilbert space

for the inner product 〈f, g〉H =
∫
A
〈f(x), g(x)〉HY dµ(x).

Given a point x ∈ A (an initial condition), we can as-
sociate a spatiotemporal pattern to every continuous ob-
servable f ∈ H through the relationship

t 7→ f(Φt(x)), t ∈ R. (2)

This generalizes the standard notion of temporal patterns
(including the chronos modes) constructed from scalar
valued observables in HA or HM via analogous relation-
ships to (2). As with the isomorphism between HM and
HA ⊗HY noted above, the finiteness of the measures µ
and ν implies the isomorphisms H ' HM ' HA ⊗ HY .
Thus, we can equivalently characterize the observables
of interest in this work either as vector-valued functions
in H, scalar-valued functions in HM , or elements of the
tensor product space HA ⊗HY .

III. VECTOR-VALUED SPECTRAL ANALYSIS
FORMALISM

We now describe the VSA framework for spatiotempo-
ral pattern extraction through operator-valued kernels.
Due to the isomorphism between H and HM stated in
Section II, we first introduce our approach through a
scalar-valued kernel construction on the product space
M , and then pass to an equivalent operator-valued ker-
nel formulation on the invariant set A.

A. Scalar-valued kernels and their associated
integral operators

For the purposes of this work, a (scalar-valued) kernel
is a function k : Ω × Ω 7→ R+ mapping pairs of points
in Ω to a positive real number. Intuitively, k can be
thought of as a measure of similarity between points in
Ω. Mathematically, we require that it has the following
properties:

1. k is continuous on Ω×Ω. Hence, restricted to any
compact subset of Ω × Ω (in particular, M ×M),
it is bounded.

2. Restricted to M×M , k is bounded away from zero;
that is, there exists a constant c > 0 such that
k(ω, ω′) ≥ c for all ω, ω′ ∈M .

Sometimes, but not always, we consider symmetric
kernels, i.e., kernels k having the additional property
k(ω, ω′) = k(ω′, ω) for all ω, ω′ ∈ Ω. It should be noted
that while the assumptions above are sufficient to en-
sure the theoretical well-posedness of our schemes, in
Section VI below we will make additional assumptions
in order to construct convergent data-driven approxima-
tions to these schemes. In particular, we will require that
k be continuous on a compact superset of M of positive
Lebesgue measure.

Associated with every kernel k is an integral operator
K : HM 7→ HM defined via K : f 7→ Kf , where

Kf =

∫
M

k(·, ω)f(ω) dρ(ω). (3)

By continuity of k, K is a compact operator whose range
is included in the space of continuous functions on M .
If, in addition, k is symmetric, K is also self-adjoint.
As a result, in the symmetric case, the eigenfunctions of
K are continuous, and its eigenvalues are real, bounded,
and can only accumulate at zero. Moreover, the nonzero
eigenvalues of K have finite multiplicities (i.e., the corre-
sponding eigenspaces are finite-dimensional).

B. Kernels from pseudometric functions

We will focus on kernels constructed from scaled pseu-
dometric functions. Below, a pseudometric will be a sym-
metric function d : Ω × Ω 7→ R, continuous on M ×M ,
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and having the properties d(ω, ω′) ≥ 0 and d(ω, ω) = 0
for all ω, ω′ ∈ Ω. Note that d(ω, ω′) can vanish even if
ω 6= ω′, which would not be the case for a proper met-
ric. Moreover, d is not required here to obey the triangle
inequality.

We first consider the class of pseudometric functions
dQ, Q ∈ N+, obtained from delay-coordinate mapped
data with Q delays. Specifically, given ω = (x, y) and
ω′ = (x′, y′) with x, x′ ∈ X and y, y′ ∈ Y , we define

d2Q(ω, ω′) =
1

Q

Q−1∑
q=0

|F (Φ−qτ (x), y)− F (Φ−qτ (x′), y′)|2.

Note that d2Q(ω, ω′) corresponds to a time-averaged
squared pseudo-distance, evaluated by fixing the spatial
points y, y′ ∈ Y , and sampling the observation map F
on Q temporally-equispaced points along the dynamical
trajectories starting from x, x′ ∈ X.

We will also be interested in the limiting behavior of
dQ as the number of delays increases, viz.

d∞(ω, ω′) = lim
Q→∞

dQ(ω, ω′). (4)

Unlike dQ at finite Q, d∞ may not be continuous on
M × M . However, it can be shown that it is a well-
defined function in L2(M ×M,ρ× ρ); in particular, the
limit in (4) exists for almost every pair of points (ω, ω′) ∈
M ×M with respect to the product measure ρ× ρ [51].
Moreover, d∞(ω, ω′) may vanish despite dQ(ω, ω′) being
non-vanishing (e.g., if ω′ lies in the stable manifold of ω).
Additional details on the properties of d∞ can be found
in Appendix C.

Next, as is common in machine learning algorithms
[26–28, 31, 62] (including NLSA), we introduce a posi-
tive scaling function sQ : Ω 7→ R, and form a rescaled

pseudometric d̃Q : Ω ×Ω 7→ R, given by

d̃Q(ω, ω′) = dQ(ω, ω′)
√
sQ(ω)sQ(ω′). (5)

We require that, restricted to M , sQ is continuous (and

therefore bounded). Under these conditions, d̃Q has the
required properties of pseudometrics stated above, and
we can similarly study the limit

d̃∞ = lim
Q→∞

d̃Q; (6)

see Appendix C for additional details.
Intuitively, one can think of sQ as a modification of

the original pseudometric dQ to account for variations in
the sampling density and/or time tendency (“velocity”)
of the data. For instance, we can choose sQ such that
it is large in regions of Ω where the sampling density is
large, and small in regions where the sampling density is
small. With this choice, d̃Q becomes relatively smaller
(larger) than dQ for pairs of points in regions of Ω with

small (large) sampling density. As a result, d̃Q adap-
tively provides higher “resolution” in regions where we

have plentiful observations and smaller resolution in re-
gions where the observations are sparse. Bandwidth func-
tions employed in the literature include functions based
on near-neighbor distances [28, 62], local time tendencies
of the data [26, 31], and kernel density estimates [27, 28].
In certain cases involving data on smooth Riemannian
manifolds, the transformation dQ 7→ d̃Q associated with
these techniques can be interpreted as a conformal change
of metric [26, 28]; that is, a change of volume on the data
manifold without change of angles.

Here, we employ a class of scaling functions introduced
in [50], which has both velocity- and density-dependent
contributions. Explicit formulas and discussion on this
class of bandwidth functions are included in Appendix B.
Note that in [26, 28, 31, 62] the convention is to work with
rescaled distance functions of the form

d̃Q(ω, ω′) =
dQ(ω, ω′)√
s′Q(ω)s′Q(ω′)

, (7)

which is equivalent to (5) with s′Q = 1/sQ, so long as
sQ is bounded away from zero. Here, we have opted to
work with (5) in order to allow for the possibility that
sQ vanishes. As we will see below, this may be useful in
the context of spatiotemporal data where the signal can
exhibit constant or near-constant values in certain parts
of the domain Y (e.g., if F is the temperature field in a
convection flow, and held to fixed values at the boundary
of Y ).

Having specified the class of pseudometrics d̃Q, we also
select a continuous shape function h : R 7→ R+, and
define

kQ(ω, ω′) = h(d̃Q(ω, ω′)), k∞(ω, ω′) = h(d̃∞(ω, ω′)).

By symmetry of pseudometrics, kQ and k∞ are both sym-
metric kernels. In what follows, we will always use Gaus-

sian shape functions, h(u) = e−u
2/ε, parameterized by a

positive bandwidth parameter ε. Explicitly, we have

kQ(ω, ω′) = e−d̃
2
Q(ω,ω′)/ε, k∞(ω, ω′) = e−d̃

2
∞(ω,ω′)/ε.

(8)
We denote the kernel integral operators from (3) associ-
ated with kQ and k∞ by KQ and K∞, respectively. Note
that in the context of exponentially decaying kernels such
as (8) the function s′Q from (7) can be interpreted as a
bandwidth function since, for a fixed base point ω ∈ Ω,
a large (small) value s′Q(ω) increases (decreases) the size

of the neighborhood where kQ(ω, ·) is appreciably greater
than zero.

The Gaussian class of shape functions has been widely
used in machine learning applications [17–20, 29], includ-
ing NLSA. Among their attractive properties is their
localizing behavior at small ε (not true for quadratic
shape functions associated with the covariance kernels
employed in POD), which allows the associated kernel
integral operators to approximate, as ε→ 0, heat kernels
on Riemannian manifolds. The latter have, in turn, a
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number of useful properties for dimension reduction and
clustering of data with a manifold geometric structure.
The exponential decay of kQ and k∞ also implies that
KQ and K∞ can be well approximated by sparse matri-
ces. The latter property is particularly important in the
problems studied here involving spatiotemporal data, as
the number of sampled states inX and spatial points in Y
are generally both large (see Section VI). It is important
to note that in the present work we do not assume that
M is a smooth manifold (since for nonlinear dissipative
systems with fractal attractors M is highly non-smooth),
so we do not consider the limiting behavior of our kernels
as ε→ 0.

C. Markov normalization

Following the approach taken in NLSA algorithms and
in [33, 49–51], we construct from KQ and K∞ associ-
ated compact Markov operators, PQ : HM 7→ HM and
P∞ : HM 7→ HM , respectively, by applying the normal-
ization procedure introduced in the diffusion maps algo-
rithm [20] and further developed in the context of gen-
eral exponentially decaying kernels in [29]. Below, we
describe the procedure for a general kernel integral oper-
ator K of the class in (3) associated with a kernel k.

We begin by defining the functions

r = K1M , l = K(1M/r)

where 1M is the function on M everywhere equal to 1.
By the properties of kernels listed in section III A, both of
the above functions are continuous, positive functions on
M , bounded away from zero. We then define the kernel
integral operator P (again of the class in (3)), associated
with the kernel p, where

p(ω, ω′) =
k(ω, ω′)

l(ω)r(ω′)
. (9)

In [29], the division of k(ω, ω′) by l(ω) and r(ω′) to
form p(ω, ω′) is referred to as left and right normaliza-
tion, respectively. Because r and l are both positive and
bounded away from zero (which is in turn a consequence
of property 2 of k), p meets both conditions on kernels
stated in Section III A. Moreover, it has the Markov prop-
erty, ∫

M

p(ω, ·) dρ = 1, ∀ω ∈M,

by construction. As result, P is a compact Markov oper-
ator on HM , preserving constant functions. In addition,
since p is bounded away from zero, P is ergodic; i.e., it
has a simple eigenvalue λ0 = 1, and the corresponding
eigenfunction, φ0, is constant. Here, we are interested in
the kernels pQ and p∞, and the corresponding Markov
operators PQ and P∞, constructed by applying the dif-
fusion maps normalization procedure to kQ and k∞, re-
spectively.

In general, the kernels of the class in (9), including pQ
and p∞, are not symmetric, and as a result the corre-
sponding Markov operators are not self-adjoint. How-
ever, for a kernel p constructed by applying the diffu-
sion maps normalization procedure to a symmetric ker-
nel k (including the kernels introduced in Section III A),
the corresponding operator P is related to a self-adjoint
compact operator, P̂ : HM 7→ HM by a similarity trans-
formation. In particular, let f be a bounded function in
L∞(M,ρ), and Tf : HM 7→ HM the corresponding multi-
plication operator by f . That is, for g ∈ HM , Tfg is the
function equal to f(ω)g(ω) for ρ-a.e. ω ∈M . Defining S
as the self-adjoint kernel integral operator from (3) with
the symmetric kernel

p̂(ω, ω′) =
k(ω, ω′)

d̂(ω)d̂(ω′)
, d̂ =

√
lr,

one can verify that P̂ can be obtained from P through
the similarity transformation

P̂ = Td̃ ◦ P ◦ T
−1
d̃
, d̃ =

√
l/r. (10)

Due to (10), P and P̂ have the same eigenvalues λk,

which are real by self-adjointness of P̂ , and admit the
ordering 1 = λ0 > λ1 ≥ λ2 ≥ · · · , because P is an ergodic
Markov operator. Moreover, the eigenvalues have the
properties |λj | ≤ 1, limj →∞ λj = 0, and the eigenspaces
corresponding to the nonzero λj are finite-dimensional.

Since P̂ is self-adjoint, there exists an orthonormal ba-

sis {φ̂j}∞j=0 of HM consisting of real eigenfunctions φ̂j of

P̂ corresponding to the λj , which are continuous by the
assumed continuity of kernels. Moreover, due to (10),

for every element φ̂j of this basis, the continuous func-

tions φj = Td̃φ̂j = d̃φ̂j and φ′j = T−1
d̃
φ̂j = φ̂j/d̃ are

eigenfunctions of P and P ∗, respectively, correspond-
ing to the same eigenvalue λj . The sets {φj}∞j=0 and
{φ′j}∞j=0 are (non-orthogonal) bases of HM satisfying the
bi-orthogonality relation 〈φ′i, φj〉HM = δij . In particu-
lar, every f ∈ HM can be expanded as f =

∑∞
j=0 cjφj

with cj = 〈φ′j , f〉HM , and we have Pf =
∑∞
j=0 λjcjφj .

For notational simplicity, in what follows we will use the

same symbols, λj (φ̂j) to represent the eigenvalues (eigen-

functions) of either P̂Q or P̂∞; the symmetric operators
constructed by applying (10) to PQ and P∞, respectively.
Moreover, the eigenfunctions of PQ and P∞ will both be
denoted by φj .

D. Operator-valued kernels and the associated
spatiotemporal patterns

Having constructed the kernel integral operators of sec-
tion III B, we now make use of the isomorphism between
HM and the Hilbert space H of vector-valued observ-
ables to establish analogous operators associated with
operator-valued kernels. Let L(HY ) be the Banach space
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of bounded linear operators on HY , equipped with the
operator norm. For our purposes, an operator-valued
kernel will be a continuous map l : X × X 7→ L(HY ),
mapping each pair of states (x, x′) ∈ X×X to a bounded
linear operator in l(x, x′) := Lxx′ ∈ L(HY ). Note that
we do not impose a positive-definiteness property em-
ployed in the definition of operator-valued kernels in [54–
56]; that property is important in the construction of
associated reproducing kernel Hilbert spaces of vector-
valued observables, which we do not address in this work
(though it would be an interesting topic for future work).

To every such operator-valued kernel there corresponds
a kernel integral operator L : H 7→ H defined by L : f 7→
Lf , where

Lf =

∫
X

l(·, x′)f(x′) dµ(x′), x ∈ A, (11)

and the above integral is a Bochner integral for Hilbert-
space valued observables taking values in HY .

Given a scalar kernel k from Section III A, we can con-
structed an associated operator-valued kernel k̃ by ob-
serving that the functions k̃xx′ : Y ×Y 7→ R+, defined for

every (x, x′) ∈ X × X as k̃xx′(y, y
′) = k((x, y), (x′, y′)),

are kernels on the spatial domain Y . As a result, as-
sociated with every k̃xx′ is a compact (hence bounded)

kernel integral operator K̃xx′ ∈ L(HY ), defined analo-
gously to (3) via

K̃xx′f =

∫
Y

k̃xx′(·, y′)f(y′) dν(y′).

The operator-valued kernel k̃ associated with k is then
defined as k̃(x, x′) = K̃xx′ . It follows by construction of

k̃ that if φj is an eigenfunction of the integral operator
from (3) associated with k corresponding to the eigen-

value λj , then the vector-valued function ~φj ∈ H defined
as

~φj(x)(y) = φj((x, y)), x ∈ A, y ∈ Y, (12)

is an eigenfunction of K̃ corresponding to the same eigen-
value λj . Note that by continuity of k and k̃, both φj
and ~φj are continuous.

In this work, we extract spatiotemporal patterns us-

ing the eigenfunctions ~φ0, ~φ1, . . . of the kernel integral
operator P̃Q of the class (11), whose kernel p̃Q is the
operator-valued kernel associated with the Markov ker-
nel pQ from Section III C. We also consider the analogous

limiting operator P̃∞ with kernel p̃∞ associated with the
Markov kernel p∞, characterizing the behavior of P̃Q in
the limit of infinitely many delays. As with their coun-
terparts PQ and P∞ acting on scalar-valued functions in

HM , there exists a (non-orthogonal) basis {~φj}∞j=0 of H

consisting of real eigenfunctions of P̃Q related to those
of PQ via (12). Moreover, to each such eigenfunction
~φj there corresponds a spatiotemporal pattern obtained
via (2). In Section VII, we will demonstrate that these
patterns can provide an efficient and physically meaning-
ful decomposition of complex spatiotemporal signals.

IV. CONNECTIONS WITH TOPOLOGICAL
BUNDLES

To gain intuition on the behavior of the kernel integral
operators introduced in Section III, it is useful to examine
a natural topological bundle structure that M acquires
through the observation map in delay-coordinate space.
First, we recall that a topological bundle is a triplet
(E,B, π), where E and B are topological spaces, called
the total and base spaces, respectively, and π : E 7→ B is
a continuous surjective map. The preimage π−1(b) of a
point b ∈ B is called the fiber of π over b. A topological
bundle is called a fiber bundle if all fibers are homeomor-
phic to a reference fiber, R. If it happens that E = B×R,
the fiber (E,B, π) is said to be trivial. While not every
fiber bundle will have this property, it is the case that
fiber bundles are locally trivial; that is, for every b ∈ B
there exists a neighborhood N ⊆ B such that π−1(N) is
homeomorphic to N ×R, and π agrees with the natural
projection onto the first factor of that Cartesian product;
see, e.g., [63] for more details.

A. Bundles for finitely many delays

In what follows, we will be interested in topological
bundles where the total space is the product space M =
A × Y , and the base space and the projection map are
constructed by application of delay-coordinate maps to
F . In particular, for Q ∈ N+, let FQ : Ω 7→ RQ be the
continuous map defined by

FQ((x, y)) =(
F ((x, y)), F ((Φ−τ (x)), y)), . . . , F ((Φ−(q−1)τ (x), y)

)
.

Let also BQ = FQ(M) be the image of M under FQ, and
πQ : M 7→ BQ the map defined uniquely by πQ(ω) =
FQ(ω) for all ω ∈M . Then, (M,BQ, πQ) is a topological
bundle. Note that the invariant measure ρ on M induces
a Borel measure ρQ = πQ∗(ρ) on BQ, where πQ∗ is the
pushforward map on measures associated with πQ.

The usefulness of this construction is that we can ex-
press the pseudometric dQ on M as a pullback of a Eu-
clidean metric on BQ. In particular, let d′Q : RQ×RQ 7→
R be the Euclidean metric on RQ scaled by the square
root of the number of delays, i.e.,

d′Q(b, b′) = ‖b− b′‖RQ/Q1/2, b, b′ ∈ RQ.

Then, for all ω, ω′ ∈ Ω we have

dQ(ω, ω′) = d′Q(FQ(ω), FQ(ω′)), (13)

which expresses the fact that dQ is a pullback of d′Q. The

same conclusion holds for the restrictions of dQ and d′Q to
M×M and BQ×BQ, respectively, as stated above. Now,
as with every pseudometric, dQ partitions Ω (and there-
fore M) into equivalence classes of points for which dQ
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vanishes. In particular, the equivalence class associated
with ω ∈ Ω is given by [ω]Q = {ω′ ∈ Ω | dQ(ω, ω′) = 0}.
It follows from (13) that the set of all such equivalence
classes in M is homeomorphic (topologically equivalent)
to BQ; that is, for every ω ∈ M , the equivalence class

[ω]Q is given by the preimage π−1Q (πQ(ω)).
By similar arguments, we can also conclude that the

kernel pQ can be expressed as a pullback of the kernel
p′Q : RQ×RQ 7→ R+ constructed by applying the Markov
normalization procedure described in Section III C to the

kernel k′Q = e−d
′2
Q/ε on RQ × RQ. That is, we have

pQ(ω, ω′) = p′Q(FQ(ω), FQ(ω′)), ω, ω′ ∈ Ω.

As a result, the eigenfunctions φj of PQ correspond to
pullbacks of the eigenfunctions of the kernel integral op-
erator PQ : L2(BQ, ρQ) 7→ L2(BQ, ρQ) whose kernel is
p′Q. Explicitly, we have

φj = ϕj ◦ πQ, (14)

where ϕj is an eigenfunction of P ′Q satisfying

P ′Qϕj = λjϕj ,

P ′Qϕj(b) =

∫
BQ

p′Q(b, b′)ϕj(b
′) dρQ(b′), b ∈ BQ.

In general, the “useful” patterns that can be ex-
tracted from a kernel integral operator are represented
by eigenfunctions at nonzero corresponding eigenvalues
(recall that such eigenfunctions lie in finite-dimensional
eigenspaces, and thus can be robustly approximated from
data). Therefore, it is useful to examine the closed sub-
space

HQ = span{φj : λj > 0} ⊆ HM ,

whose every element is expressible as a countable linear
combination of such eigenfunctions of PQ. Note that HQ
can be equivalently defined as the closure of the range
of PQ, or as a pullback under πQ of the closure of the
range of P ′Q. In particular, whether or not HQ is a strict
subspace of HM depends on the number of delays Q, and
importantly, it also depends on the presence of symme-
tries in the data.

To examine this in more detail, suppose that for every
spatial point y ∈ Y the observation map Fy is generic
in the sense of delay-coordinate mappings [12–16]; that
is, there exists a minimal positive integer Q∗y such that
for all Q ≥ Q∗y the image BQ,y = FQ(Ay) of the set
Ay = A × {y} ⊂ M is homeomorphic to A. In that
case, we can topologically reconstruct the attractor from
time-lagged measurements taken at y. Assume now that
Q∗ = supy∈Y Q

∗
y is finite, and observe that, for any Q,

the base space BQ of the bundle (M,BQ, πQ) is given by
BQ = ∪y∈YBQ,y. For Q ≥ Q∗, if the sets BQ,y are dis-
joint, BQ is homeomorphic to M = A× Y , and thus has
a Cartesian product structure. In other words, in that
case, (M,BQ, πQ) becomes a trivial bundle with A acting

as the reference fiber. Moreover, under additional condi-
tions on the form of the kernel kQ and the properties of
the measure ρ, PQ and P ′Q may have no zero eigenvalues,
in which case HQ = HM .

On the other hand, in a number of cases, including
when nontrivial symmetries are present, some of the BQ,y
for Q ≥ Q∗ may intersect or overlap. In such scenarios,
BQ will generally not have a Cartesian product struc-
ture, and (M,BQ, πQ) may not be trivial (in fact, it may
not even be a fiber bundle). Moreover, HQ will be a
strict subspace of HM . For data analysis purposes, this
property may actually be desirable since functions in HQ
are pullbacks of L2 functions on BQ, and the latter is in
turn homeomorphic to a “smaller”, quotient space, con-
structed from the [·]Q equivalence classes on M as de-
scribed above. In effect, by factoring out redundancies
in the data, functions on BQ can be approximated more
robustly than functions on M , while still capturing the
salient properties of the signal.

B. Spatial symmetries

We now examine one particular scenario encountered
frequently in applications leading to the map πQ being
non-invertible, namely the presence of spatial symme-
tries. Throughout this section, we consider that the state
space manifold X is actually a subset of the Hilbert space
HY . That would be the case, for instance, if HY is the
solution space of a dissipative PDE defined on a spatial
domain Y , and X is an inertial manifold of that PDE [7];
the KS system studied in Section VII is an example of
such a system. In this setting, the vector-valued observa-

tion map ~F : X 7→ C(Y ) is reduces to the inclusion map
from X to HY . For notational simplicity, given x ∈ X,

we will identify ~F (x) with x. We will also use the symbol
X to represent the space of continuous vector fields on X.

1. Group actions and their corresponding invariant
pseudometrics

Let G be a topological group with a left action on Y .
By that, we mean that there exists a map ΓY : G×Y 7→ Y
with the following properties:

1. ΓY is continuous, and ΓY (g, ·) : Y 7→ Y is a home-
omorphism for all g ∈ G.

2. ΓY is compatible with the group structure of G;
that is, for all y ∈ Y and g, g′ ∈ G,

ΓY (gg′, y) = ΓY (g, ΓY (g′, y)),

and ΓY (e, y) = y, where e is the identity element
of G.

Henceforth, given g ∈ G, we will abbreviate the map
ΓY (g, ·) : Y 7→ Y by Γ gY . Note that the (continuous)

inverse of this map is given by Γ g
−1

Y .
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The action of G on Y induces a continuous left action
on HY such that the action map Γ gHY : HY 7→ HY sends

u ∈ HY to u ◦ Γ g
−1

Y . As usual, we will consider G to be
a dynamical symmetry (e.g., [9]) if the following hold for
all g ∈ G:

1. The state space manifold X is invariant under Γ gHY .

Thus, we obtain a left group action Γ gX on X by
restriction of ΓHY .

2. Γ gX is differentiable for all g ∈ G, and the dynamical
vector field v is invariant under the pushforward
map Γ gX∗ : X 7→ X. That is, for every g ∈ G,
x ∈ X, and f ∈ C1(X), we have

Γ gX∗(v|x)(f) = v|Γ gX(x)(f),

or, equivalently,

v|x(f ◦ Γ gX) = v|Γ gX(x)(f).

Note that the well-definition of Γ gX∗ as a map on
vector fields relies on the fact that Γ gX is a diffeo-
morphism (which is in turn a consequence of the
fact that Xg

Γ is a differentiable group action).

Together, these two conditions lead to the following im-
portant commutation (equivariance) property between
the group action on X and the dynamical evolution map,
namely,

(Γ gX ◦ Φ
t)(x) = (Φt ◦ Γ gX)(x), (15)

which holds for all g ∈ G, t ∈ R, and x ∈ X. Equa-
tion (15) expresses the fact that if t 7→ Φt(x) is a dynam-
ical trajectory starting at x ∈ X, then t 7→ Γ gX(Φt(x))
is also a dynamical trajectory, starting at Γ gX(x). In ad-
dition, upon evaluation at the point y′ = Γ gY (y), where
y ∈ Y is arbitrary, (15) leads to the invariance property

Φt(Γ gX(x))(Γ gY (y)) = Φt(x)(y), (16)

which holds for all g ∈ G, t ∈ R, and x ∈ X.
Next, consider the left G-action on the product space

Ω induced by the corresponding actions on X and Y ; this
is characterized by the action map Γ gΩ : Ω 7→ Ω, g ∈ G,
given by

Γ gΩ((x, y)) = (Γ gX(x), Γ gY (y)) = (x ◦ Γ g
−1

Y , Γ gY (y)).

It follows from (15) that this group action and the dy-

namical evolution map Φ̃t : Ω 7→ Ω (see Section II) sat-
isfy

(Γ gΩ ◦ Φ̃
t)(ω) = (Φ̃t ◦ Γ gΩ)(ω), (17)

for all g ∈ G, t ∈ R, and ω ∈ Ω.
The invariance property in (16) endows the pseudo-

metrics dQ and d̃Q in delay-coordinate space with sym-
metries, which can be summarized as follows.

Proposition 1. The pseudometric dQ in delay-
coordinate space satisfies

dQ(ω, ω′) = dQ(Γ gΩ(ω), Γ g
′

Ω (ω′)),

for all ω, ω′ ∈ Ω and g, g′ ∈ G. In particular, it vanishes
along every G-orbit of ω ∈ Ω:

dQ(ω, Γ gΩ(ω)) = 0, ∀g ∈ G.

Proof. It follows from (16) that for any ω = (x, y) ∈ Ω,
ω′ = (x′, y′) ∈ Ω, and g ∈ G,

d2Q(Γ gΩ(ω), ω′)

=
1

Q

Q−1∑
q=0

∣∣Φt(Γ gX(x))(Γ gY (y))− Φt(x′)(y′)
∣∣2

=
1

Q

Q−1∑
q=0

∣∣Φt(x)(y)− Φt(x′)(y′)
∣∣2 .

The last equation and the fact that dQ(ω, ω′) = dQ(ω′, ω)
lead to the first claim of the Proposition. The second
claim follows immediately from the first.

Proposition 2. For the class of scaling functions sQ in

Appendix B, the scaled pseudometric d̃Q from (5) exhibits
the analogous invariance properties, namely

d̃Q(ω, ω′) = d̃Q(Γ gΩ(ω), Γ g
′

Ω (ω′)),

for all ω, ω′ ∈ Ω and g, g′ ∈ G.

A proof of Proposition 2 can be found in Appendix B 4.
To examine the implications of these results, consider

the quotient set Ω/G = {ΓΩ(ω) | ω ∈ Ω}, consisting
of all G-orbits ΓΩ(ω) = {Γ gΩ | g ∈ G} on Ω. It is a
direct consequence of Proposition 1 that the set of [·]Q
equivalence classes onΩ with respect to the pseudometric
dQ contains Ω/G as a subset. Since the delay-coordinate
observation map FQ maps all elements of an arbitrary
equivalence class [ω]Q (and in particular, the elements of
an equivalence class in Ω/G) to a single point FQ(ω) ∈
RQ, we interpret this behavior as our method “factoring
out” the dynamical symmetry G from the data.

In particular, given any observable f ∈ HM , it follows
from the definition of the kernel integral operator KQ

that for any ω ∈ Ω and g ∈ G,

KQf(ω) = KQf(Γ gΩ(ω)).

Moreover, it is straightforward to check that the left-
and right-normalization functions rQ = KQ1M and lQ =
KQ(1M/rQ) are both invariant under Γ gΩ , and as a result,

PQf(ω) = PQf(Γ gΩ(ω)).

The last equation implies that the eigenfunctions φj of
PQ used for spatiotemporal pattern extraction are con-
stant on G-orbits. Note that the properties described
above do not rely on any prior knowledge of the sym-
metry represented by G, and would also apply for other
types of group symmetries that the system exhibits be-
sides the dynamical symmetries discussed here.
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2. Spectral characterization

We can gain additional intuition on the relationships
between the spectra of PQ and symmetry operators as-
sociated with G acting on HM , under the additional
assumptions that Γ gX and Γ gY preserve the measures µ

and ν, respectively; that is µ(Γ g
−1

X (S)) = µ(S) for every
g ∈ G and measurable set S ⊆ X, and an analogous rela-
tionship holds for ν. An immediate consequence of these
assumptions is that the product measure ρ = µ × ν is
preserved by Γ gΩ . While these properties cannot be ex-
pected to hold in general (for example, the support A of µ
may not be invariant under Γ gX), if they are indeed true,
then associated with G are groups of unitary operators
RgA : HA 7→ HA, RgY : HY 7→ HY , and RgΩ : HM 7→ HM ,
defined for every g ∈ G via composition with the corre-
sponding group actions, i.e.,

RgAfA = fA ◦ Γ gA, RgY fY = fY ◦ Γ gY ,
RgMfM = (RgA ⊗R

g
Y )fM = fM ◦ Γ gΩ ,

with fA ∈ HA, fY ∈ HY , and fM ∈ HM . Notice
the analogy in the construction of the unitary symmetry
groups {RgA}g∈G and {RgM}g∈G with the construction of

the unitary Koopman groups {U t}t∈R and {Ũ t}t∈R, re-
spectively. In particular, the maps g 7→ RgX and t 7→ U t

are representations of G and the Abelian group of the
real numbers, respectively, on HA, and similarly g 7→ RgΩ
and t 7→ Ũ t are representations of these groups on HM .
Note also that in many applications the symmetries as-
sociated with G will not be known a priori, so we will
not assume that we have access to the Rg operators from
data.

It is a direct consequence of (15) that the symmetry
and Koopman operators on HA commute; that is,

[RgA, U
t] = RgAU

t − U tRgA = 0,

for all g ∈ G and t ∈ R. As is well known, commuting
operators have common eigenspaces. In particular, given
an eigenfunction z of U t at eigenvalue Λt, we have

U tRgAz = RgAU
tz = ΛtRgAz; (18)

this shows that RgAz lies in the same Koopman eigenspace
as z. As stated in Section II, and further discussed in Ap-
pendix A, in the presence of ergodicity (assumed here),
all eigenspaces of U t are one-dimensional. This, together
with (18) implies that there exists a complex number γgA
such that

RgAz = γgAz; (19)

in other words, z is an eigenfunction of RgA at eigenvalue
γgA. Note that the γgA are not necessarily simple eigen-
values.

Analogous commutation relationships hold for the
Koopman and symmetry operators on HM due to (17);
that is,

[Ũ t, RgΩ ] = 0,

which implies that if z̃ ∈ HM is an eigenfunction of Ũ t

at eigenvalue Λt (recall that U t and Ũ t have the same

eigenvalues), then RgΩ z̃ is also an eigenfunction of Ũ t at
the same eigenvalue. Now, as discussed in Appendix A,
all eigenfunctions of Ũ t have the tensor-product form

z̃ = z ⊗ ψ, (20)

where z ∈ HA is the unique (up to normalization) eigen-
function of U t at eigenvalue Λt, and ψ an arbitrary spa-
tial pattern in HY . The latter, in conjunction with (19),
leads to

RgM z̃ = (RgA ⊗R
g
Y )(z ⊗ ψ) = (γgAz)⊗ (RgY ψ),

which in turn implies that z̃ from (20) is an eigenfunction
of RgM if and only if ψ is an eigenfunction of RgY . The
RgM eigenvalue corresponding to z̃ is then given by

γgM = γgY /γ
g
A = γgY γ

g∗
A = γgY γ

g−1

A , (21)

where γgY is the RgY eigenvalue corresponding to ψ, and
the last two equalities are due to the unitarity of RgA.
We have thus obtained a complete characterization of
the common eigenspaces of Ũ t and RgM .

We now examine the existence of common eigenspaces
between Ũ t, RgM , and the kernel integral operators KQ,
PQ, noting that the latter are accessible from data

whereas RgM may be unknown. First, in general, Ũ t does
not commute with KQ or PQ. As will be discussed in
more detail in Section V B, this can be attributed to the
fact that the distance pseudometric d̃Q is not invariant

under the dynamical flow Φ̃t. There, we will also see
that the pseudometric d∞ is invariant under Ũ t, and an
asymptotic commutation result between Ũ t and K∞, P∞
will follow (Theorem 4). On the other hand, the invari-

ance of d̃Q with respect to Γ gΩ established in Proposition 2
holds for all Q, leading to the following result:

Theorem 3. For any g ∈ G, the operator RgM commutes
with both KQ and PQ. Moreover, every function in the
range of KQ and PQ is invariant under Rg; i.e.,

RgMKQ = KQ, RgMPQ = PQ.

Proof. We begin by verifying the claims of the theorem
for KQ. In particular, it follows from Proposition 2 and
the fact that ρ is invariant under Γ gΩ that for any g, g′ ∈
G,

KQf(ω) =

∫
M

kQ(ω, ω′)f(ω′) dρ(ω′)

=

∫
M

kQ(ω, Γ gΩ(ω′))f(Γ gΩ(ω′)) dρ(ω′)

=

∫
M

kQ(Γ g
−1

Ω (ω), ω′)f(Γ gΩ(ω′)) dρ(ω′)

=

∫
M

kQ(Γ g
′

Ω (ω), ω′)f(Γ gΩ(ω′)) dρ(ω′)

= Rg
′

MKQR
g
Mf(ω).
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Setting g′ = g−1 in the above, and acting on both sides
by RgM , leads to RgMKQ = KQR

g
M ; i.e., [RgM ,KQ] = 0,

as claimed. On the other hand, setting g to the identity

element of G leads to KQ = Rg
′

MKQ, which implies that

Rg
′

M (ranKQ) ⊆ ranKQ.
The corresponding results for PQ follow by similar

arguments, together with the fact that the diffusion
maps normalization functions satisfy rQ ◦ Γ gΩ = rQ and
lQ ◦ Γ gΩ = lQ, as stated in Section IV B 1.

Theorem 3 is a direct manifestation of the fact that
the operators KQ ad PQ are based on kernels operating
on the M/G equivalence classes. It provides a charac-
terization of the eigenspaces of KQ and PQ (which are
finite-dimensional by compactness of these operators) as
finite-dimensional subspaces of HM , associated with unit
RgM eigenvalue. These subspaces are also representation
spaces for the symmetry group G. In particular, let Wk,
be the eigenspace of PQ corresponding to eigenvalue λk,
and {φ1k, . . . , φmkk} with mk = dimWk an orthonormal
basis of this space. Note that every such φjk corresponds
to a VSA spatiotemporal pattern as described in Sec-
tion III. By Theorem 3, RgMφjk = φjk for every g ∈ G
and j ∈ {1, . . . ,mk}. As a result, restricted to Wk, RgΩ
reduces to the identity operator.

Before closing this section, it is worthwhile noting that
the eigenspaces Wk will not necessarily admit a tensor
product decomposition Wk = WA

k ⊗WY
k in terms of G

representation spaces WA
k and WY

k that are subspaces
of HA and HY , respectively. In contrast, data analysis
techniques operating in scalar-valued function spaces will
oftentimes produce spatiotemporal patterns of the form
ϕk⊗ψk ∈ HM , with ϕk and ψk lying in such representa-
tion spaces WA

k and WY
k , respectively. For instance, in

POD, ϕk and ψk would be eigenfunctions of the tempo-
ral and spatial covariance operators, CA : HA 7→ HA and
CY : HY 7→ HY , respectively, corresponding to the same
eigenvalue. A calculation analogous to that in the proof
of Theorem 3 readily shows that CA commutes with RgA,
and CY commutes with RgY . As a result, ϕk ⊗ ψk lies
in the finite-dimensional, tensor product representation
space W̃k = WA

k ⊗ WX
k . As with Wk, W̃k is also an

eigenspace of RgΩ , but it will not necessarily correspond
to eigenvalue 1.

C. Bundles in the limit of infinitely many delays

An analogous topological bundle construction to that
described in Section IV A can also be performed in the
limit of infinitely many delays, under the assumption that
the pseudometric d∞ is continuous on M×M . Through-
out this section, we will assume that the latter is indeed
the case. As discussed in Appendix C, this condition
will be satisfied under suitable decay conditions on the
expansion coefficients of the observation map F in the
Koopman eigenfunction basis.

To construct the base space, B∞, we start from the se-
quence space RN, which we equip with the pseudometric
d′∞ : RN × RN 7→ R defined as

d′∞(b, b′) = lim
q→∞

(
1

q

q−1∑
n=0

|bn − b′n|2
)1/2

,

whenever the limit exists, and d′∞(b, b′) = 0 otherwise,
where b = (b0, b1, . . .) and b′ = (b′0, b

′
1, . . .). We then

define ˆ̀2 as the set of equivalence classes in RN associated
with d′∞, and equip this space with the corresponding
induced metric (which we again denote by d′∞) and its
associated topology. It then follows that the map F∞ :

Ω 7→ ˆ̀2 given by

F∞((x, y)) =[(
F ((x, y)), F ((Φ−τ (x), y)), F ((Φ−2τ (x), y)), . . .

)]
d′∞

is continuous on M . Defining also B∞ = F∞(M) and
the continuous map π∞ : M 7→ B∞ by restriction of
the image space of F∞, it follows that (M,B∞, π∞) is a
topological bundle. As in the finite-Q case, we can view
the d∞ pseudometric as a pullback of the d′∞ metric on
ˆ̀2, i.e.,

d∞(ω, ω′) = d′∞(F∞(ω), F∞(ω′))

for any ω, ω′ ∈M .

It should be noted that in the limit of infinitely many
delays the base space B∞ may be smaller than BQ at
finite Q, in the sense that d∞(ω, ω′) may vanish even if
dQ(ω, ω′) is non-vanishing. For instance, as stated in Sec-
tion III B, d∞(ω, ω′) vanishes for points ω = (x, y) and
ω′ = (x′, y) such that x and x′ lie in the same stable man-
ifold. In general, it follows from the results in [51] that
for fixed y ∈ Y the image F∞(A×{y}) is homeomorphic
to a torus Tmy , whose dimension my may depend on y,
but is bounded by the number of basic frequencies in the
point spectrum of the Koopman operator U t. Moreover,
on that torus the dynamics is a quasiperiodic ergodic ro-
tation with my basic frequencies. While studying the
structure of F∞(M) = ∪y∈Y F∞(A× {y}) in more detail
is beyond the scope of this work, it is worthwhile men-
tioning that the dynamics on that set may possess more
symmetries than the full dynamical system on M . With
increasing Q, VSA is expected to become increasingly
efficient in capturing such symmetries.

V. ASYMPTOTIC BEHAVIOR

In this section, we study the asymptotic behavior of
VSA in the limit of no delays and infinitely many delays,
where we establish connections with matched filters and
the point spectra of Koopman operators, respectively.
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A. Limit of no delays

The limit of no delays, Q = 1, can be studied by means
of the topological bundles introduced in Section IV A. In
this case, the base space B1 is equal to the image of M
under F . Moreover, because F is continuous and M is
connected (see Section II), B1 is a closed interval [b1, b2],
where b1 and b2 are the minimum and maximum values
of F over M , respectively. Moreover, the projection map
π1 is given by restriction of F onto M . Thus, the Markov
kernel p1 is given by pulling back a Markov kernel p′1 on
that interval; the Markov property of p′1 holding with
respect to the pushforward measure ρ′1. It then follows
from (14), in conjunction with the fact that π1 is given
by restriction of F , that the eigenfunctions φj from Sec-
tion III C are constant on the level sets of F .

On the basis of this observation, we can expect {φj} to
be an efficient basis for representing the observation map
restricted on M through an approximation of the form

F ≈ Fl =

l∑
j=0

cjφj , cj = 〈φj , F 〉HM , (22)

In particular, because of (14), the expansion coefficients
in this approximation are given by

cj = 〈ϕj ◦ π1, F 〉HM = 〈ϕj , ιB1〉L2(B1,ρ′1)
,

where ιB1
: B1 7→ R is the canonical inclusion map,

mapping B1 ⊂ R to R. Thus, if it happens that ιB1

lies in ranP ′1 (the closure of the range of P ′1), the ex-
pansion in (22) asymptotically recovers the full input
signal, i.e., F = liml→∞ Fl := F∞. As in the case

of F , we use an overarrow notation, ~Fl, to represent
the unique continuous function in C(A;C(Y )) such that
~Fl(x)(y) = Fl((x, y)) for all x ∈ A and y ∈ Y .

While, in general, it is not guaranteed that ιB1 ∈
ranP ′1, the expansion in (22) is generally expected to
provide a good approximation to F , even at small l. In
particular, if the first nonconstant eigenfunction ϕ1 is
monotonic on B1, then even the two-term approximation
with l = 1 will recover the qualitative features of the in-
put signal. For instance, if the measure ρ′1 has a smooth
density γ relative to the Lebesgue measure on B1, then
it follows from well known results in manifold learning
[20, 23, 27, 29] that as the kernel bandwidth parame-
ter ε approaches zero, the eigenfunctions of P ′1 approxi-
mate the eigenfunctions of a Laplace-Beltrami operator
on B1 for Neumann boundary conditions and a Rieman-
nian metric that depends on γ. It is also straightforward
to verify that ϕ1 is indeed monotonic in this case, though
the fact that the ϕj have vanishing derivative at b1 and

b2 means that ιB1
/∈ ranP ′1, and (22) cannot recover the

input signal exactly.
In general, given the spatiotemporal signal t 7→

~F (Φt(x)) from (2) associated with the observation map,

we can interpret the signal t 7→ ~Fl(Φ
t(x)) as a filtered spa-

tiotemporal signal, which, if (22) indeed provides a good

approximation, is well matched with the source used to
compute Fl. If, moreover, the number of basis functions
l required for the approximation to be accurate is small,
then the filtered signal can be reconstructed with high ro-
bustness. It is important to note that besides the strict
limit Q = 1, these properties can also be expected to
hold for the eigenfunctions of PQ for moderate values of
Q > 1. This is particularly useful for denoising noisy
data since data-driven approximations of PQ become in-
creasingly robust to noise as Q grows [50].

B. Limit of infinitely many delays

As shown in [50, 51], scalar-valued kernels operating
on delay-coordinate mapped data acquire an important
property as the number of delays Q tends to infinity;
namely, that the associated kernel integral operators (the
analogs of K∞ and P∞ from Section III operating on the
scalar-function space HA) commute with the Koopman
operators U t of the system, and as a result have common
eigenspaces with these operators. Since scalar-valued
Koopman eigenfunctions in ergodic systems evolve peri-
odically and with a single Fourier frequency along trajec-
tories of the dynamics [43], this property endows kernel
eigenfunctions with high temporal coherence and ability
to recover distinct intrinsic dynamical timescales from
multiscale input data. Using similar arguments, here we
show that an analogous commutation result holds be-
tween K∞, P∞, and the lifted Koopman operators Ũ t

acting on HM :

Theorem 4. For any t ∈ R, the Koopman operators Ũ t

commute with both K∞ and P∞. In particular, since K∞
and P∞ are compact, if they have eigenspaces correspond-
ing to nonzero eigenvalues, then these eigenspaces are
finite-dimensional and are also eigenspaces of Ũ t. More-
over, Ũ t is unitarily diagonalizable on these eigenspaces.

A proof of this theorem is included in Appendix C.
Before examining the implications of Theorem 4, it is

worthwhile pointing out its similarities and differences
with Theorem 3 on the commutation between KQ, PQ,
and the symmetry operators RgM . Clearly, there are
strong analogies between these two results, as they both
establish commutation properties between compact ker-
nel integral operators for data analysis and groups of (not
necessarily compact) unitary operators. Therefore, these
results allow for identification of finite-dimensional in-
variant subspaces of important operators associated with
the dynamics and spatial symmetries from operators ac-
cessible from data (see Section VI).

At the same time, Theorems 3 and 4 have important
differences, namely that (1) the commutation between
the symmetry and kernel integral operators holds at any
Q, whereas the corresponding result for the Koopman op-
erators holds in the asymptotic limit Q→∞, and (2) in

systems of sufficiently high complexity (mixing), Ũ t may
have no nonconstant eigenfunctions with respect to the
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degrees of freedom on A. In particular, it is a standard
result from the spectral theory of dynamical systems [42]
that a necessary and sufficient condition for (2) to oc-
cur is that the system is weak-mixing (a weak form of
dynamical chaos which is implied if the system is mix-
ing). In such cases, any finite-dimensional eigenspaces
of P∞ would only recover static spatial patterns with no
dependence on the A coordinates.

That being said, many systems encountered in real-
world applications are of the mixed-spectrum type, and
in such systems, our technique applied with a large num-
ber of delays should have high skill in recovering coher-
ent spatiotemporal patterns associated with the point
spectrum of the Koopman group. Moreover, even if the
system is weak-mixing, in practice we always operate at
finitely many delays, and it is reasonable to expect that
physically meaningful spatiotemporal patterns could still
be detected. For example, the experiments in Section VII
are conducted on the KS system in a chaotic regime, yet
PQ is found to recover physically meaningful spatiotem-
poral patterns. In general, however, our theoretical un-
derstanding of the behavior of the techniques presented
here and in [50, 51] at large numbers of delays remains
limited when the spectrum of the Koopman operator of
the system is purely continuous.

For the remainder of this section, we will assume that
the system under study has at least some nontrivial
Koopman eigenfunctions. In particular, let z̃ ∈ HM be
an eigenfunction of Ũ t at eigenvalue Λt. Then,

Ũ tP∞z̃ = P∞Ũ
tz̃ = ΛtP∞z̃, (23)

which implies that P∞z is also an eigenfunction of Ũ t

at the same eigenvalue. As discussed in Appendix A,
the eigenvalues of Ũ t are identical to those of the Koop-
man operator U t on HA. However, unlike those of U t,
the eigenvalues of Ũ t are not simple, and we cannot con-
clude that P∞z̃ = λz̃ for some number λ; i.e., it is not
necessarily the case that z̃ is also an eigenfunction of P∞
(despite the fact that (23) implies that every eigenspace

of Ũ t is invariant under P∞). In fact, the eigenspaces

of Ũ t are infinite-dimensional, and there is no a pri-
ori distinguished set of spatiotemporal patterns in each
eigenspace.

To identify a distinguished set of spatiotemporal pat-
terns associated with Koopman eigenfunctions, we take
advantage of the fact that P∞ is a compact operator.
This means that the eigenspaces of P∞ corresponding to
nonzero eigenvalues are finite-dimensional, and for each
such eigenspace we can find an orthonormal basis con-
sisting of simultaneous eigenfunctions of P∞ and Ũ t.

To verify this, let Wk ⊂ HM be the eigenspace of P∞
corresponding to eigenvalue λk, and let f be an arbitrary
element of Wk. Since

P∞Ũ
tf = Ũ tP∞f = λkŨ

tf,

we can conclude that Ũ tf ∈Wk; i.e., that Wk is a finite-
dimensional invariant subspace of HM under Ũ t. Choos-
ing an orthonormal basis {φ1k, . . . , φmkk} for this space,

where mk = dimWk, we can expand f =
∑mk
j=1 cjφjk

with cj = 〈φjk, f〉HM , and compute

Ũ tf =

mk∑
i,j=1

φikŨijcj , Ũij = 〈φik, Ũ tφjk〉HM . (24)

By unitarity of Ũ t, the mk×mk matrix U with elements
Ũij is unitary, and therefore unitarily diagonalizable. Let
then {vj}mkj=1 with vj = (v1j , . . . , vmkj)

> be an orthonor-
mal basis of Cmk consisting of eigenvectors of U, and let
Λt1, . . . , Λ

t
mk

be the corresponding eigenvalues. It is a di-
rect consequence of (24) that the set {z̃1, . . . , z̃mk} with
z̃j =

∑mk
i=1 vijφik is an orthonormal basis of Wk con-

sisting of Koopman eigenfunctions corresponding to the
eigenvalues Λtj . Since every element of Wk is an eigen-
function of P∞, we conclude that the z̃j are simultaneous

eigenfunctions of Ũ t and P∞.
Associated with each z̃j is a unique continuous vector-

valued function ~zj ∈ C(A;C(Y )) such that ~zj(x)(y) =
z̃j((x, y)) for all x ∈ A and y ∈ Y . It follows from the
Koopman eigenvalue equation (1) that ~zj evolves accord-
ing to

~zj(Φ
t(x)) = eiαjt~zj(x), x ∈ A,

where αj ∈ R is the eigenfrequency corresponding to the
eigenvalue Λtj = eiαjt. As a result, the spatiotemporal
pattern from (2) associated with ~zj is periodic with pe-
riod 2π/ωj .

It should be noted that in DMD and related algo-
rithms applied to ergodic dynamical systems one assigns
to every eigenvalue of the Koopman operator U t acting
on scalar functions a single pair (zj , ψj) consisting of a
Koopman eigenfunction zj ∈ HA and the corresponding
spatial pattern (Koopman mode) ψj ∈ HY . The associ-
ated spatiotemporal pattern in HM is given by zj ⊗ ψj .
Here, in the setting of vector-valued observables, from
every (finite-dimensional) eigenspace of P∞ we recover
as many eigenfunctions of the lifted Koopman operator
Ũ t as the dimension of that space.

C. Infinitely many delays with symmetries

As a final asymptotic limit of interest, we consider the
limit Q → ∞ under the assumption that the measure-
preserving symmetry group actions from Section IV B 2
are available. In that case, the commutation relations

[RgM , Ũ
t] = [RgM , P∞] = [P∞, Ũ

t] = 0,

which imply that there exist finite-dimensional subspaces
of HM spanned by simultaneous eigenfunctions of RgM ,

Ũ t, and P∞. We also know from (20) that these eigen-
functions have the form

z̃ = z ⊗ ψ, (25)

where z ∈ HA is a simultaneous eigenfunction of the
Koopman operator U t and the symmetry operator RgA,
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and ψ an eigenfunction of the symmetry operator RgY
on HY . Further, it follows from Theorem 3 that z̃ is
an eigenfunction of RgM at eigenvalue 1. The latter, in
conjunction with (21), imposes the constraint

γg∗A γ
g
Y = 1

on the admissible RgA eigenvalues of z and RgY eigenvalues
of ψ in (25).

To conclude, in this limit, every eigenfunction in (25) is
characterized by three eigenvalues; namely (1) a Markov
eigenvalue λ associated with P∞, (2) a Koopman eigen-
frequency α associated with U t, (3) a spatial symmetry
eigenvalue γgY .

VI. DATA-DRIVEN APPROXIMATION

A. Assumptions

We begin by stating certain assumptions that will be
sufficient for our data-driven scheme to converge. First,
we assume that the invariant measure µ is physical [52];
this means that there exists a set Bµ ⊆ X, of positive
Lebesgue measure, called the basin of µ, defined as the
set of all points x ∈ X such that, for every continuous
function f : X 7→ C, the property

lim
NX→∞

1

NX

NX−1∑
n=0

f(Φnτ (x)) =

∫
A

f dµ. (26)

holds. Since µ is an ergodic measure, the invariant set A
lies in the topological closure B̄µ of Bµ.

The significance of (26) is that it will allow our algo-
rithms to converge as the number of samples NX tends
to infinity from experimentally accessible data; that is,
measurements F (Φnτ (x)) of the system starting from any
initial condition x in a set, Bµ, of positive measure (vol-
ume). In particular, we do not require that the dynam-
ical states underlying our measurements lie exactly on
A, as the latter will be a measure-zero set in many ap-
plications (e.g., in dissipative systems). Of course, if it
happens that X = A, then we also have B̄µ = X, and
our methods converge by ergodicity without invoking an
additional physical-measure assumption. Here, we will
additionally assume that B̄µ contains a compact set U ,
again of positive Lebesgue measure, such that A ⊆ U .
The significance of this assumption is that the space of
continuous functions on U will provide a natural, uni-
versal (i.e., NX -independent) space to establish spectral
convergence of data-driven analogs of the kernel integral
operators introduced in Section III.

The assumptions stated thus are sufficient to ensure
that scalar-valued kernel algorithms with observation
maps taking values in finite-dimensional spaces converge
as the number of samples tends to infinity [51]. However,
in the present setting of interest involving vector-valued
observables that take values in infinite-dimensional

spaces, we also need to ensure that our algorithms con-
verge in a practical scenario where measurements of the
system are taken at a finite number of spatial points in
Y . In particular, we assume that there exists a sequence
Q0,Q1, . . ., whose every element is a collection QNY =
{(y0,NY , w0,NY ), (y1,NY , w1,NY ), . . . , (yNY ,NY , wNY ,NY )}
with yr,NY ∈ Y and wr,NY > 0, such that for every
continuous function f ∈ C(Y ), we have

lim
NY→∞

1

NY

NY −1∑
r=0

f(yr,NY )wr,NY =

∫
Y

f dν. (27)

The families QNY could be made available, say, from a
quadrature rule, or from an orbit of an ergodic dynami-
cal system on Y (in which case the yr,NY would be points
along a typical orbit y0, y1, . . . of the dynamics and the
weights wr,NY would all be equal to 1). Together, (26)
and (27) imply that for every function f : Ω 7→ C, contin-
uous on the compact set V = U × Y ⊆ Ω, and Lebesgue
almost every initial condition x0 ∈ U , we have

lim
NX→∞

lim
NY→∞

1

NXNY

NX−1∑
n=0

NY −1∑
r=0

f((xn, yr,NY ))wr,NY

=

∫
M

f dρ, (28)

where xn = Φnτ (x0), and the order of the limits is not
important.

In what follows, we will consider that a set of mea-
surements Fnr = F ((xn, yr)) with n ∈ {0, . . . , NX − 1}
and r ∈ {0, . . . , NY − 1} corresponding to an arbitrary
state x0 ∈ U and a set of points y0, y1, . . . in Y for
which (27) holds with wr,NY = 1 is available to us. The
latter assumption is made for notational simplicity—our
results hold for non-constant wr,NY with obvious modi-
fications. Also, we will arrange the points (xn, yr) in an
ordered sequence ω0, ω1, . . . , ωN where N = NXNY and
ωj = (xnj , yrj ) for some ordering (nj , rj) of the indices n
and r. We will use the single-index notation ωj whenever
convenient, but will revert to (xn, yr) whenever we wish
to emphasize the dependence of functions on Ω on their
X and Y coordinates. In single-index notation, limits
N →∞, will always be understood as limits induced by
the double limit NX , NY → ∞ so that (28) holds. We
will also denote the finite set of sampled points in Ω by
ΩN = {ω0, . . . , ωN−1}. We emphasize again that we do
not assume that we have knowledge of the underlying
states xn and/or the dynamical system (X,Φt).

B. Data-driven Hilbert spaces and kernel integral
operators

Following [51], in data-driven applications we approxi-
mate the Hilbert space of observables HM = L2(M,ρ) by
the finite-dimensional Hilbert space HΩ,N = L2(Ω, ρN )
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associated with the sampling measure

ρN =
1

N

N−1∑
j=0

δωj ,

where δωj are Dirac δ-measures centered at ωj ∈ Ω. This
Hilbert space is equipped with the inner product given
by the finite sum

〈f, g, 〉HΩ,N =

∫
Ω

f∗g dρN =
1

N

N−1∑
j=0

f∗(ωj)g(ωj).

Note that the elements of HΩ,N are equivalence classes
of complex-valued functions on Ω with equal values at
the sampled points ω0, . . . , ωN ; that is, the values of f ∈
HM,N away from those points are arbitrary, much like the
values of elements HM are arbitrary on sets of ρ-measure
zero. This, in conjunction with the fact that the ωj will in
general not lie in M (which is the support of the invariant
measure ρ), means that the spaces HM and HΩ,N are
generally incompatible. In particular, the fact that ωj
may not lie in M raises the question of how to establish
convergence of results obtained in HΩ,N to the results of
Section III involving functions in HM . This is precisely
where the assumptions on physical measures stated in
Section VI A become important. In particular, it follows
from (28) that if f and g are continuous functions on
the compact set V ⊆ Ω (and thus are representatives of
equivalence classes in both HΩ,N and HM ), then as N →
∞, the inner products 〈f, g〉HΩ,N converge to 〈f, g〉HM .

By construction, HΩ,N is isomorphic as a vector space
to CN . As a result we can represent every f ∈ HΩ,N

by a column vector f = (f0, . . . , fN−1)> ∈ CN , where fj
is equal to the value of any representative in the equiva-
lence class f ∈ HΩ,N evaluated at ωj . Similarly, we can
represent any linear operator T : HΩ,N 7→ HΩ,N by a
matrix T ∈ CN×N defined uniquely by the requirement
that g = Tf is equivalent to g = T f for all f, g ∈ HΩ,N .
The inner product on HN can also be represented by the
canonical Euclidean inner product on CN through the
relationship 〈f, g〉HΩ,N = f · g/N . By virtue of these
relationships, we can carry out all linear operations on
HΩ,N by means of standard linear algebra. In partic-
ular, the eigenvalue problem for T is equivalent to an
N ×N matrix eigenvalue problem for T .

As in Section (III A), we will consider kernel integral
operators acting on HΩ,N . Since these spaces contain
equivalence classes of functions defined on points outside
of M , we will strengthen the continuity assumptions on
kernels stated in Section III A (which were required to be
continuous on M), and require that kernels be continuous
on the compact set V ⊇M . With these assumptions, we
will approximate the kernel kQ in (8) with a data-driven
kernel kQ,N : V × V 7→ R+ such that

kQ,N (ω, ω′) = e−d̃
2
Q,N (ω,ω′)/ε,

where d̃Q,N : V × V 7→ R is a pseudometric

d̃Q,N (ω, ω′) = dQ(ω, ω′)
√
sQ,N (ω)sQ(ω′)

defined in terms of data-driven scaling functions sQ,N ∈
C(V). In particular, we will require that asN →∞, sQ,N
converges uniformly to sQ. Explicit definitions for sQ,N
and a Lemma establishing uniform convergence of these
functions to sQ are included in Appendices B and D,
respectively.

Next, we associate to kQ,N a linear operator KQ,N :
HΩ,N 7→ HΩ,N , defined analogously to (3) by

KQ,Nf =

∫
Ω

kQ,N (·, ω)f(ω) dρN (ω)

=
1

N

N−1∑
j=0

kQ,N (·, ωj)f(ωj) (29)

with f ∈ HΩ,N . Note that KQ,N is trivially compact
since HΩ,N is finite-dimensional. We also construct a
compact Markov operator PQ,N : HΩ,N 7→ HΩ,N with
kernel pQ,N : Ω × Ω 7→ R+ by applying diffusion maps
normalization to k as in Section III C, viz.

pQ,N (ω, ω′) =
kQ,N (ω, ω′)

lN (ω)rN (ω′)
,

rN = KN1Ω , lN = KN (1Ω/rN ),

(30)

where rN and lN are positive, continuous functions on V,
bounded away from zero. By construction, pQ,N has the
Markov property∫

Ω

pQ,N (ω, ·) dρN =
1

N

N−1∑
j=0

pQ,N (ω, ωj) = 1

for all ω ∈ V. It also follows from (28) that as N → ∞,
pQ,N (ω, ω′) converges to the value of the Markov kernel
p(ω, ω′) from (9) for all ω, ω′ ∈ V.

With these definitions, PQ,N is represented by the
N × N Markov matrix PN = [pQ,N (ωi, ωj)/N ]ij , and
we can compute the eigenvalues, λj,N , and correspond-
ing eigenvectors, φj,N , of PN with j ∈ {0, 1, . . . , N − 1}
by solving the matrix eigenvalue problem for PN . In
particular, it follows by analogous arguments to those
used in Section III C for the Markov operator P that
the eigenvalues of PN are real and admit the ordering
1 = λN,0 > λN,1 ≤ λN,2 ≥ · · · . Moreover, while the
eigenvectors φj,N are defined only at the finite dataset
ΩN ⊂ Ω, those corresponding to nonzero eigenvalues
λj,N can be extended to continuous functions φ̃j,N on
V given by

φ̃j,N (ω) =
1

λj,N

∫
Ω

pN (ω, ω′)φj,N (ω′) dρN (ω′), ω ∈ V.

(31)
Note that these functions are consistent with φj,N on

ΩN ; i.e., φ̃j,N (ωn) = φj,N (ωn) for all ωn ∈ ΩN . Fur-

thermore, φ̃j,N ∈ C(V) corresponds to a vector-valued
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function ~φj,N ∈ C(U ;C(Y )) such that (cf. (12))

~φj,N (x)(y) = φ̃j,N (x, y), x ∈ U , y ∈ Y,

and, for every initial condition x ∈ U , ~φj,N induces a
continuous spatiotemporal pattern via (2).

In VSA, we compute data-driven spatiotemporal pat-
terns of the class (31) associated with operators PQ,N :
HΩ,N 7→ HΩ,N constructed via the procedure described
above applied to the class of kernels kQutilizing delay
coordinate maps (see Section III B). In what follows, we
will establish convergence of these data-driven patterns
to those recovered from PQ as described in Section III.

C. Spectral convergence

We begin by noting that every eigenfunction φj of
PQ with nonzero corresponding eigenvalue λj can be ex-

tended to a continuous function φ̃j on V via a formula
analogous to (31), namely,

φ̃j(ω) =
1

λj

∫
Ω

pQ(ω, ω′)φj(ω
′) dρ(ω′). (32)

We also note that while PQ is defined as an operator

on H, we can also define an analogous operator P̃Q :
C(V) 7→ C(V) via the same integral formula as in (3),
but with the operand f and its image PQf understood
as continuous functions on V. Similarly, we can define
P̃Q,N : C(V) 7→ C(V) analogously to (29). Our goal in
this section is to establish a type of spectral convergence
of PQ,N to PQ in the limit of large data, N → ∞, that

involves the continuous functions φ̃j,N and φ̃j and the

operators P̃Q,N and P̃Q. In essence, we will use C(V) as a
universal space to compare results derived from PQ,N and
PQ, even though these operators act on different spaces.

For that, we need the important notion of compact
convergence of operators [23, 64].

Definition 5. A sequence of bounded operators Tn :
E 7→ E on a Banach space E is said to converge com-
pactly to a bounded operator T : E 7→ E if Tn converges
to T pointwise (i.e., Tnf 7→ Tf for all f ∈ E), and for
every bounded sequence of vectors fn ∈ E, the sequence
gn = (Tn − T )fn has compact closure (equivalently, gn
has a convergent subsequence).

While compact convergence is weaker than conver-
gence in operator norm, it is nevertheless sufficient to
imply convergence of isolated eigenvalues of bounded op-
erators [64], and hence convergence of nonzero eigen-
values of compact operators and their corresponding
eigenspaces. In the setting of interest here, these re-
sults imply that data-driven eigenvalues and eigenfunc-
tions computed from PQ,N converge as N → ∞ to their
counterparts from PQ, as follows.

Theorem 6. The following hold:

(a) P̃Q,N and P̃Q are both compact operators on C(V)
with respect to the uniform norm. As a result, their
nonzero eigenvalues have finite multiplicities, and ac-
cumulate only at zero.

(b) As N →∞, P̃Q,N converges compactly to P̃Q.

(c) Every nonzero eigenvalue λj of P̃Q is an eigenvalue
of PQ. Moreover, if φj is an eigenfunction of PQ cor-

responding to that eigenvalue, then φ̃j from (32) is an

eigenfunction of P̃Q corresponding to the same eigen-

value. Analogous results hold for λj,N > 0, P̃Q,N ,

PQ,N , φj,N , and φ̃j,N from (31).

A proof of Theorem 6 can be found in Appendix D.
This theorem leads to our following main convergence
result:

Corollary 7. For every nonzero eigenvalue λj of PQ,
there exists a positive integer N0 such that the sequence
of eigenvalues λj,N of PQ,N with N ≥ N0 converges, as
N → ∞, to λj. Moreover, for every eigenfunction φj ∈
HΩ of PQ corresponding to that eigenvalue, there exists
a sequence of eigenfunctions φj,N of PQ,N with N ≥ N0,

corresponding to λj,N , whose continuous extensions φ̃j,N
from (31) converge uniformly to φ̃j from (32).

Proof. Since λj is nonzero, it follows from Theorem 6(c)

that it is an eigenvalue of P̃Q and that φ̃j from (32) is
a corresponding eigenfunction. Moreover, since, by The-
orem 6(b), P̃Q,N converges to P̃Q compactly (and thus
in spectrum for nonzero eigenvalues [64]), there exists

N0 ∈ N such that the j-th eigenvalues λj,N of P̃Q,N are
all nonzero for N ≥ N0, and thus, by Theorem 6(c), they
are eigenvalues of PQ,N . This establishes convergence of
λj,N to λj . The existence of eigenfunctions φj,N of PQ,N
corresponding to λj , such that φ̃j,N converges uniformly
to φj is shown in [51].

VII. APPLICATION TO THE
KURAMOTO-SIVASHINSKY MODEL

A. Overview of the Kuramoto Sivashinsky model

The KS model, originally introduced as a model for
wave propagation in a dissipative medium [59], or laminar
flame propagation [60], is one of the most widely studied
dissipative PDEs displaying spatiotemporal chaos. On a
one-dimensional spatial domain Y = [0, L], L ≥ 0, the
governing evolution equation for the real-valued scalar
field u(t, ·) : Y 7→ R, t ≥ 0, is given by

u̇ = −u∇u+ ∆u−∆2u, (33)

where ∇ and ∆ = −∇2 are the derivative and (positive
definite) Laplace operators on Y , respectively. In what
follows, we always work with periodic boundary condi-
tions, u(t, 0) = u(t, L), ∇u(t, 0) = ∇u(t, L), . . . , for all
t ≥ 0.
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The domain size parameter L controls the dynamical
complexity of the system. At small values of this pa-
rameter, the trivial solution u = 0 is globally asymp-
totically stable, but as L increases, the system under-
goes a sequence of bifurcations, marked by the appear-
ance of steady spatially periodic modes (fixed points),
then traveling waves (periodic orbits), and progressively
more complicated solutions leading to chaotic behavior
at L & 4× 2π [65–69].

A fundamental property of the KS system is that it
possesses a global compact attractor, embedded within
a finite-dimensional inertial manifold with an associated
Lipschitz-continuous dynamical vector field [6, 7, 70–72].
That is, there exists a submanifold X of the Hilbert space
HY = L2(Y, ν) with ν set to the Lebesgue measure, which
is forward-invariant under the dynamics, and to which
the solutions u(t, ·) are exponentially attracted. This
means that after the decay of initial transients, the ef-
fective degrees of freedom of the KS system, bounded
above by the dimension of X , is finite. Moreover, by Lip-
schitz continuity, the dynamics on X have unique global
(in time) solutions. Dimension estimates of inertial man-
ifolds [72, 73] and attractors [74] of the KS system as a
function of L indicate that the system exhibits extensive
chaos, i.e., unbounded growth of the attractor dimension
with L. As is well known, analogous results to those out-
lined above are not available for many other important
models of complex spatiotemporal dynamics such as the
Navier-Stokes equations.

For our purposes, the availability of strong theoretical
results and rich spatiotemporal dynamics makes the KS
model particularly well-suited to test the VSA framework
presented in Sections III–VI. In our notation, an inertial
manifold X of the KS system will act as the state space
manifold X, which is embedded in this case in HY . More-
over, the compact invariant set A will be a subset of the
global attractor supporting an ergodic probability mea-
sure, µ. As stated above, on X the dynamical vector
field, v, is Lipschitz continuous, which implies that the
dynamics restricted on that set is described by a flow map
Φt : X 7→ X, t ∈ R, as in Section II. In particular, for ev-
ery initial condition x ∈ X, the orbit t 7→ x(t) = Φt(x0)
with t ≥ 0 is the unique solution to (33) with initial con-
ditions x. While in practice the initial data will likely not
lie on X, the dynamics possesses an exponential track-
ing property that ensures that for any admissible initial
condition u ∈ HY there exists a trajectory x(t) on X to
which the evolution starting from u converges exponen-
tially fast.

As stated in Section VI A, for data-driven approxima-
tion purposes, we will formally assume that the measure
µ is physical. While, to our knowledge there are no re-
sults in the literature addressing the existence of physi-
cal measures (with appropriate modifications to account
for the infinite state space dimension) specifically for the
KS system, recent results [75, 76] on infinite-dimensional
dynamical systems that include the class of dissipative
systems in which the KS system belongs, indicate that

analogs of the assumptions made in Section VI A should
hold.

Another important feature of the KS system is that
it admits nontrivial symmetry group actions on the spa-
tial domain Y , which have played a central role in bi-
furcation studies of this system [65–68]. In particular,
it is a direct consequence of the structure of the govern-
ing equation (33) and the periodic boundary conditions
that if u(x, t) is a solution, then so are u(x + α, t) and
u(−x, t), where α ∈ R. As discussed in Section IV B, this
implies that the vector field v on the inertial manifold is
invariant under the actions induced by the orthogonal
group O(2) and the reflection group on the circle. In
particular, under O(2) symmetry, the theoretical spatial
patterns recovered by POD and comparable eigendecom-
position techniques would be Fourier modes [9], which are
arguably non-representative of the complex spatiotempo-
ral patterns generated by the KS system.

We emphasize again that the existence of symmetries
does not necessarily imply that they are inherited by
data-driven operators for extracting spatial and temporal
patterns constructed from a single orbit of the dynamics,
since, e.g., the ergodic measure sampled by that orbit
may not be invariant under the symmetry group action.
While studies have determined that this type of symme-
try breaking indeed occurs at certain dynamical regimes
of the KS system [53], the presence of symmetries still
dominates the leading spatial patterns recovered by POD
and comparable eigendecomposition techniques utilizing
scalar-valued kernels.

B. Results and discussion

We apply VSA to data generated by the KS model at
the chaotic regimes L = 22 and L = 94; these “stan-
dard” regimes have been investigated extensively in the
literature (e.g., [68, 69]). We have integrated the model
using the publicly available Matlab code accompanying
Ref. [77]. This code is based on a Fourier pseudospec-
tral discretization, and utilizes a fourth-order exponen-
tial time-differencing Runge-Kutta integrator appropri-
ate for stiff problems. Throughout, we use 65 Fourier
modes (which is equivalent to a uniform grid on Y with
NY = 65 gridpoints), and a timestep of τ = 0.25 natural
time units.

Each of the experiments described below starts from
initial conditions given by setting the first four Fourier
coefficients to 0.6 and the remaining 61 to zero. Before
collecting data for analysis, we let the system equilibrate
near its attractor for a time interval of 2500 natural time
units. We compute spatiotemporal patterns using the
eigenfunctions of the data-driven Markov operator PQ,N
as described in Section VI. In one of our L = 22 ex-
periments, we also compare our results with spatiotem-
poral patterns computed via the NLSA algorithm [31]
which utilizes a scalar-valued kernel operating on delay-
coordinate mapped data. This method is applied to the
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same KS data as the operator-valued kernel approach us-
ing the same number of delays.

We begin by presenting results obtained by applying
VSA to a dataset of NX = 1000 samples at the L = 22
regime, using a small number of delays, Q = 15. As
shown in Fig. 1(a), in this regime the system supports two
large-scale (wavenumber ∼ L/2) quasi-stationary pat-
terns that interact chaotically with one another. Viewed
over longer time intervals (see Fig. 2) these patterns
are seen to intermittently undergo left or right trans-
lations in the spatial domain, giving rise to an appar-
ent traveling-wave signal. From a state-space perspec-
tive, this behavior can be described in terms of unsta-
ble equilibria (forming a continuous O(2) family due to
translation invariance) connected by homoclinic orbits
[67, 68]. The wavenumber L/2 structures also act as en-
velopes for smaller-scale intermittent traveling wave dis-
turbances, propagating either to the left or right.

As discussed in Section V A, at the small-Q limit VSA
is expected to yield eigenfunctions φk,N which are ap-
proximately constant on the level sets of the input sig-
nal, and, with increasing k, capture increasingly smaller
scales in the directions transverse to the level sets. As
is evident in Fig. 1, the leading three nonconstant eigen-
functions, φ1,N , φ2,N , and φ3,N , indeed display this be-
havior, featuring wavenumbers 2, 3, and 4, respectively,
in the directions transverse to the level sets. This behav-
ior continues for eigenfunctions φk,N with higher k. To
assess the efficacy of these patterns in reconstructing the
input signal, we compute the fractional explained vari-
ances (cf. (22))

|〈F, φj,N 〉HΩ,N |2

‖φj,N‖2HΩ,N ‖F‖
2
HΩ,N

,

where ‖φj‖HΩ,N = 1 since we use normalized eigenfunc-
tions. For the φ1,N , φ2,N , and φ3,N eigenfunctions in
Fig. 1, these quantities are 0.91, 5.2 × 10−4, and 0.016,
respectively, which demonstrates that even the one-term
(l = 1) reconstruction via (22) captures most of the sig-
nal variance. As noted in Section V A, the limit of small
Q is not the intended parameter regime for our method
to produce a decomposition of the signal into simpler
components, but can nevertheless be useful in a num-
ber of scenarios such as level set estimation and matched
filtering of noisy spatiotemporal data.

Next, we consider a longer dataset with NX = 10,000
samples (2500 natural time units), again at L = 22, an-
alyzed using Q = 500 delays. The raw data and rep-
resentative eigenfunctions from this analysis, obtained
via ether VSA or NLSA, are displayed in Fig. 2. Fig-
ure 3 highlights a portion of the raw data and vector-
valued eigenfunctions over an interval spanning 1000 time
units. As discussed in Section V B, at large Q we ex-
pect these eigenfunctions to approximately lie in finite-
dimensional subspaces of the Hilbert space H of vector-
valued observables associated with the point spectrum
of the Koopman operator, thus acquiring timescale sep-
aration. This is clearly the case in the eigenfunctions in

FIG. 1. Raw data (a) and representative VSA spatiotemporal
patterns (b–d), obtained through the eigenfunctions φk,N of
the Markov operator PQ,N associated with the Markov kernel
in (30) for the KS model with L = 22 using Q = 15 de-
lays. The spatiotemporal patterns in (b–d) were computed
from eigenfunctions φ2,N , φ3,N , and φ4N of this operator
by applying (2); i.e., they correspond to evaluations of the

vector-valued observables ~φk,N along the orbit of the dynam-
ics sampled in the training phase. Notice that the patterns
are approximately constant on the level sets of the raw data.

Figs. 2 and 3, where φ1,N is seen to capture the evolu-
tion of the wavenumber L/2 structures, whereas φ10,N
and φ15,N recover smaller-scale traveling waves embed-
ded within the large-scale structures with a general di-
rection of propagation either to the right (φ10,N ) or left
(φ15,N ). The fractional explained variances associated
with eigenfunctions φ1,N , φ10,N , and φ15,N are 0.23,
0.047, and 0.017, respectively. As expected, these val-
ues are smaller than the 0.91 value due to eigenfunction
φ1,N for Q = 15, but are still fairly high despite the
intermittent nature of the input signal. Ranked with re-
spect to fractional explained variance, φ1,N , φ10,N , and
φ15,N are the first, fourth, and fifth among the Q = 200
VSA eigenfunctions. The second and third eigenfunc-
tions in this ordering are φ3,N and φ5,N (not shown here),
with 0.052 and 0.065 fractional explained variance, re-
spectively. These and other eigenfunctions not discussed
here exhibit similarly high skill to the VSA patterns in
Figs. 2 and 3 in capturing coherent patterns generated
by the KS system with intermittency in both space and
time.

In contrast, while the patterns from NLSA are seen to
exhibit strong timescale separation (as expected theoret-
ically at large Q [50, 51]), they are clearly less efficient in
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FIG. 2. Raw data (a) and representative spatiotemporal patterns obtained through VSA (b–d) and NLSA (e–h) from the KS

model with L = 22 using Q = 500 delays. The VSA patterns (b–d) are vector-valued observables ~φk,N determined from the
eigenfunctions of the data-driven Markov operator PQ,N associated with the Markov kernel in (30). The NLSA patterns are
constructed from temporal patterns determined from the eigenfunctions of a Markov operator analogous to PQ,N , but acting
on the Hilbert space HA of scalar-valued observables, together with the corresponding spatial patterns as described in [31].
The VSA pattern in (b) captures the O(2) family of the wavenumber L/2 structures that the KS system develops at this
dynamical regime through a single eigenfunction. Notice the manifestly non-separable character of this pattern with respect to
the spatial and temporal coordinates. The VSA patterns in (c, d) capture smaller-scale waves embedded within the structures
in (b). The NLSA patterns in (e–h) exhibit a low-rank, separable behavior in space and time, and while they appear to capture
the characteristic timescales of the large- (e, f) and small-scale waves (g, h), they are not representative of the intermittent
character of the signal in space.

capturing the salient spatial features of the input signal.
Consider, for example, the leading two NLSA patterns
shown in Fig. 2(e,f). These patterns are clearly asso-
ciated with the O(2) family of wavenumber L/2 struc-
tures in the raw data, but because they have low-rank
by construction, they are unable to represent the inter-
mittent spatial translations of these patterns produced
by chaotic dynamics in this regime. Their fractional ex-
plained variance is 0.13 and 0.15, respectively. Qualita-
tively, it appears that the NLSA patterns in Fig. 2(e, f)
isolate periods during which the wavenumber L/2 struc-
tures are quasistationary, and translated relative to each
other by L/4. In other words, it appears that NLSA
captures the unstable equilibria that the system visits in
the analysis time period through individual patterns, but
does not adequately represent the transitory behavior as-
sociated with homoclinic orbits connecting this family of
equilibria. Moreover, due to the presence of a continuous
symmetry, a complete description of the spatiotemporal
signal associated with the wavenumber L/2 structures
would require a large number of modes. In contrast, VSA

effectively captures this dynamics through a small set of
leading eigenfunctions.

As a final example, we extract spatiotemporal patterns
from a KS system with a larger domain size, L = 94,
using NX = 10,000 samples and Q = 500 delays as in
the L = 22 experiments. The raw data and representa-
tive VSA patterns recovered in this regime are displayed
in Fig. 4. As is evident from Fig. 4(a), the dynami-
cal complexity in this regime is markedly higher than
for L = 22, as multiple traveling and quasistationary
waves can now be accommodated in the domain, result-
ing in a spatiotemporal signal with high intermittency
in both space and time. Despite this higher dynami-
cal complexity, the recovered eigenfunctions, examples
of which are shown in Fig. 4(b–f), decompose the sig-
nal into a pattern φ1,N that captures the evolution of
unstable fixed points and the homoclinic connections be-
tween them, and other patterns, φ3,N , φ5,N , φ8,N , and
φ11,N , that are dominated by traveling waves. The frac-
tional explained variances associated with these patterns
are 6.0 × 10−3 (φ1,N ), 0.020 (φ3,N ), 0.040 (φ5,N ), 0.067
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FIG. 3. As in Fig. 2(a–d), but for the time interval
[1625, 2625] in the training dataset, highlighting the features
of the small-scale waves in (c, d).

(φ8,N ), and 0.066 (φ11,N ); that is, in this regime the trav-
eling wave patterns are dominant in terms of explained
variance. In general, the variance explained by individual
eigenfunctions at L = 94, is smaller than those identified
for L = 22, consistent with the higher dynamical com-
plexity of the former regime.

It is worthwhile noting that L = 94 eigenfunction φ1,N
bears some qualitative similarities with the covariant
Lyapunov vector (CLV) patterns identified at a nearby
(L = 96) regime of the KS system in [69] (see Fig. 2 of
that reference). Other VSA patterns, not shown here,
also display qualitatively similar features to φ1,N and to
CLVs. However, presently we have not established a the-
oretical correspondence between the two techniques, so
these similarities should be interpreted with caution.

In separate calculations, we have confirmed that NLSA
applied to the L = 94 dataset behaves qualitatively sim-
ilar to the L = 22 example described above. We have
also verified that the VSA patterns from the L = 22
regime are robust under corruption of the input data by
i.i.d. Gaussian noise of variance up to 30% and 40% of the
raw signal variance, respectively for the small-scale waves
in Fig. 2(c–d) and the large-scale structures in Fig. 2(b).
On the basis of these results, we expect the method to be
useful in recovering intermittent spatiotemporal patterns
from noisy observational data, such as satellite brightness
temperature data for atmospheric convection [78–80].

VIII. CONCLUSIONS

In this paper, we have presented a method for extract-
ing spatiotemporal patterns from complex dynamical
systems, called Vector-valued Spectral Analysis (VSA),
which combines aspects of the theory of operator-valued
kernels for machine learning with delay-coordinate maps
of dynamical systems. A key element of this approach is
that it operates directly on spaces of vector-valued ob-
servables appropriate for dynamical systems generating
spatially extended patterns. This allows extraction of
spatiotemporal patterns through eigenfunctions of kernel
integral operators with far more general structure than
those captured by pairs of temporal and spatial modes
in conventional eigendecomposition techniques utilizing
scalar-valued kernels. In particular, VSA enables effi-
cient and physically meaningful decomposition of signals
with intermittency in both space and time, while natu-
rally factoring out symmetries present in the data. In
addition, through the incorporation of delay-coordinate
maps, the recovered patterns lie, in an asymptotic limit
of infinitely many delays, in finite-dimensional invariant
subspaces of observables associated with the point spec-
trum of the Koopman operator of the system. This en-
dows these patterns with high dynamical significance and
ability to decompose multiscale signals into distinct co-
herent modes. We demonstrated with applications to
the Kuramoto-Sivashinsky model in chaotic regimes that
VSA recovers intermittent patterns such as homoclinic
orbits associated with translation families of unstable
fixed points and traveling waves, with significantly higher
skill than comparable eigendecomposition techniques op-
erating on spaces of scalar-valued observables. It is ex-
pected that this framework will have applicability across
disciplines dealing with complex spatiotemporal data.

Appendix A: Basic properties of Koopman
operators and their eigenfunctions

In this appendix, we outline some of the basic proper-
ties of the Koopman operator U t acting on scalar-valued
observables in HA and its lift Ũ t acting on scalar-valued
observables in HM (and, by the isomorphism H ' HM ,
on vector-valued observables in H). Additional details on
these topics can be found in one of the many references
in the literature on ergodic theory, e.g., [42–44].

We begin by noting that for the class of measure-
preserving dynamical systems generated by Lipschitz-
continuous vector fields studied here (see Section II), the
group U = {U t}t∈R of Koopman operators is a strongly
continuous unitary group. This means that for every
f ∈ HA, the map t 7→ U tf is continuous with respect
to the HA norm at every t ∈ R. This in turn implies
that there exists an unbounded, skew-adjoint operator
V : D(V ) 7→ HA with dense domain D(V ) ⊂ HA, called
the generator of U , such that U t = etV . This opera-
tor completely characterizes the group U . Its action on
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FIG. 4. As in Fig. 2(a–d), but for the KS system with L = 94.

observables f ∈ D(V ), is given by

V f = lim
t→0

f ◦ Φt − f
t

,

where the limit is taken with respect to the HA norm. If
f is a differentiable function in C1(X), then V f = v(f),
where v is the dynamical vector field.

A distinguished class of observables in HA are the
eigenfunctions of the generator of the Koopman group.
Every such eigenfunction, zj , satisfies the equation

V zj = iαjzj ,

where αj is a real frequency, intrinsic to the dynam-
ical system. In the presence of ergodicity (assumed
here), all eigenvalues of V are simple, and eigenfunc-
tions corresponding to distinct eigenvalues are orthog-
onal. Moreover, the eigenfunctions can be normalized
so that |zj(x)| = 1 for µ-almost every x ∈ X. That is,
Koopman eigenfunctions of ergodic dynamical systems
can be normalized to take values on the unit circle in the
complex plane, much like the functions eiωt in Fourier
analysis.

Every eigenfunction zj of V at eigenvalue iαj is also an
eigenfunction of U t, corresponding to the eigenvalue Λtj =

eiαjt. This means that along an orbit of the dynamical

system, zj evolves purely by multiplication by a periodic
phase factor, viz.

U tzj(x) = zj(Φ
t(x)) = eiαjtzj(x),

where the equality holds for µ-almost every x ∈ X.
This property makes Koopman eigenfunctions highly pre-
dictable observables, which warrant identification from
data. In general, the evolution of any observable f lying
in the closed subspace DA = span zj of HA spanned by
Koopman eigenfunctions has the closed-form expansion

U tf =
∑
j

eiωjtcjzj , cj = 〈zj , f〉HA . (A1)

This shows that the evolution of observables in DA can
be characterized as a countable sum of Koopman eigen-
functions with time-periodic phase factors.

Koopman eigenvalues and eigenfunctions of ergodic
systems also have an important group property; namely,
if zj and zk are eigenfunctions of V at eigenvalue iωj
and iωk, respectively, then the product zjzk is also an
eigenfunction, corresponding to the eigenvalue i(αj+αk).
Thus, the eigenvalues and eigenfunctions of the Koop-
man generator form groups, with addition of complex
numbers and multiplication of complex-valued functions
acting as the group operations, respectively. If, in addi-
tion, the eigenfunctions are continuous (which is assumed
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here), these groups are finitely generated. Specifically,
in that case there exists a finite collection of rationally-
independent eigenfrequencies α̃1, . . . , α̃l, such that ev-

ery eigenfrequency has the form αj =
∑l
i=1 jiα̃i, where

j = (j1, . . . , jl) is a vector of integers. Moreover, the
Koopman eigenfunction corresponding to eigenfrequency
αj is given by zj = z̃j11 · · · z̃jln , where z̃1, . . . , z̃l are the
eigenfunctions corresponding to α̃1, . . . , α̃l, respectively.
It follows from these facts in conjunction with (A1) that
the evolution of every observable in DA can be uniquely
determined given knowledge of finitely many Koopman
eigenfunctions and their corresponding eigenfrequencies.

Yet, despite these attractive properties, in typical sys-
tems, not every observable will admit a Koopman eigen-
function expansion as in (A1); that is, DA will generally
be a strict subspace of HA. In such cases, we have the
orthogonal decomposition

HA = DA ⊕D⊥A , (A2)

which is invariant under the action of U t for all t ∈ R. For
observables in the orthogonal complement D⊥A of DA, dy-
namical evolution is not determined by (A1), but rather
by a spectral expansion involving a continuous spectral
density (intuitively, an uncountable set of frequencies).
This evolution can exhibit the characteristic behaviors
associated with chaotic dynamics, such as decay of tem-
poral correlations. In particular, if can be shown that
for any f ∈ DA and any g ∈ D⊥A , the cross-correlation
function, defined by

Cfg(x, x
′, t) =

1

t

∫ t

0

Usf∗(x)Usg(x′) ds,

vanishes as |t| → ∞ for µ-almost every x, x′ ∈ X. Note
that this relationship does not necessarily hold for f ∈
D⊥A .

We now turn to the unitary group Ũ = {Ũ t}t∈R as-

sociated with the Koopman operators Ũ t on HM . As
discussed in Section II, these operators are obtained by a
trivial lift Ũ t = U t ⊗ IHY of the Koopman operators on

HA. Correspondingly, the group Ũ is generated by the
densely-defined, skew-adjoint operator Ṽ : D(Ṽ ) 7→ HM ,
such that

Ṽ = V ⊗ IHY , Ṽ f = lim
t→0

f ◦ Φ̃t − f
t

, Φ̃t = Φt ⊗ IY .
(A3)

Similarly, the decomposition in (A2) extends to the or-
thogonal decomposition

HM = DM ⊕D⊥M , DM = DA⊗HY , D⊥M = D⊥A ⊗HY ,

which is invariant under Ũ t for all t ∈ R.
Consider now the eigenvalue problem for Ũ t,

Ũ tz̃ = Λ̃tz̃, Λ̃t ∈ C, z̃ ∈ HM . (A4)

As stated in Section II, the eigenvalues of Ũ t are identical
to those of U t. In addition, it can be shown that every

eigenfunction z̃ of Ũ t at eigenvalue Λt has the form

z̃ = z ⊗ f, (A5)

where z ∈ HA is an eigenfunction of U t at the same eigen-
value (unique up to normalization), and f an arbitrary
spatial pattern in HY . To see this, expand z̃ in a tensor
product basis {ϕk ⊗ ψl} of HM ,

z̃ =
∑
kl

c̃klϕk ⊗ ψl, c̃kl ∈ C,

where {ϕk} and {ψl} are orthonormal bases of HA and
HY , respectively. Substituting this expansion in (A4),
and taking inner products with ϕi ⊗ ϕj , shows that the
expansion coefficients c̃kl must satisfy the equations∑

k

Uik c̃kj = Λ̃tc̃ij , (A6)

where Uik = 〈ϕi, U tϕj〉HA are the “matrix elements” of
the Koopman operator U t with respect to the {ϕk} basis.
Comparing this to the analogous representation of the
eigenvalue problem for U t, i.e.,

U tz = Λtz ⇐⇒
∑
k

Uikck = Λtck, (A7)

where z =
∑
k ckϕk, it follows that for each j, the c̃ij

in (A6) solve the same eigenvalue problem as the ci
in (A7). This implies that Λ̃t = Λt, and (assuming all
solutions are normalized to unit L2 norm) the c̃kl can be
expressed as c̃kl = cke

iθl , where θl ∈ [0, 2π) are arbitrary
phase angles. We therefore have

z̃ =
∑
kl

cke
iθlϕk ⊗ ψl = z ⊗

(∑
l

eiθlψl

)
,

which is consistent with (A5).

Appendix B: Choice of scaling function

As stated in Section III B, our distance scaling function
sQ is based on the corresponding function introduced in
[50], which has dependencies on both the local sampling
density and time tendency of the data. We will first in-
troduce these dependencies, and subsequently construct
sQ and its data-driven approximation sQ,N .

1. Local density function

We begin by introducing the kernel integral operator
K̄Q : C(Ω) 7→ C(Ω) associated with the un-scaled kernel

k̄Q : Ω × Ω 7→ R+ with kQ(ω, ω′) = e−d
2
Q(ω,ω′)/ε, ε > 0,

viz.

K̄Qf =

∫
Ω

kQ(·, ω)f(ω) dρ(ω).
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Following [27], we define the function

σQ = K̄Q1Ω =

∫
M

k̄Q(·, ω) dρ(ω), (B1)

which is continuous, strictly positive, and restricted to
M (or the compact set V ⊇ M employed in the data-
driven approximations in Section VI and Appendix D),
is bounded away from zero. It is a standard result from
the theory of kernel density estimation that if M is a
smooth, m-dimensional Riemannian manifold and the
delay-coordinate observation map FQ : M 7→ RQ (see
Section IV A) is an embedding, then, as ε→ 0, the quan-
tity σ̄Q(ω) = σQ(ω)/(2πεm/2) converges for every ω ∈M
to the density dρ

dvol (ω) of the measure ρ with respect to
the Riemannian measure vol on M . Moreover, σ̄Q has
physical dimension (units) of length−m, and as a result

σ̄
−1/m
Q assigns a characteristic length at each point in M .

Here, we do not assume that M has the structure of a
smooth manifold, so we will not be taking ε → 0 limits.
However, due to the exponential decay of k̄Q(ω, ω′) with
respect to dQ(ω, ω′), we can still interpret σQ from (B1)
as a local density-like function.

In the data-driven setting, we introduce the finite-rank
operator K̄Q,N : C(Ω) 7→ C(Ω) with

K̄Q,Nf =

∫
Ω

k̄Q(·, ω)f(ω) dρN (ω),

and approximate σQ by the continuous function

σQ,N = K̄Q,N1Ω =
1

N

N−1∑
n=0

k̄Q(·, ωn). (B2)

Uniform convergence of σQ,N to σQ will be established
in Appendix D 2.

2. Phase space velocity

Throughout this section, we will assume that the point-
wise observation map Fy : X 7→ R is continuously differ-
entiable for every y ∈ Y , which is equivalent to assum-
ing that the vector-valued observation map F lies in the
space C1(X;C(Y )). This assumption is natural for a
wide class of observation maps encountered in applica-
tions. In particular, it implies that the “energy” of the
signal, expressed in terms of the Koopman generator Ṽ
from Appendix A as

∫
M
|Ṽ (F )|2 dρ is finite. Under this

condition, the phase space speed function ξQ : Ω 7→ C,
defined as

ξ2Q((x, y)) =
1

Q

Q−1∑
q=0

ζ2((Φ−qτ (x), y)), (B3)

where

ζ((x, y)) = |̃̃V F ((x, y))|

=

∣∣∣∣limt→0

F ((Φt(x), y))− F ((x, y))

t

∣∣∣∣ ,

is continuous. Note that ξQ((x, y)) may vanish, e.g., as
stated in Section III B, if y lies in the boundary of Y
and F obeys time-independent boundary conditions. In
the special case Q = 1, ξQ will also vanish at local max-
ima/minima of the signal with respect to time.

Phase space speed functions analogous to ξQ were pre-
viously employed in NLSA [31] and related kernel [26]
and Koopman operator techniques [50]. In what follows,
we will adopt the approach introduced in [50, Section 6],
which utilizes ξQ in such a way so that if ξQ(ω) is zero
then sQ(ω) vanishes too. In [50], the motivation for
constructing sQ in this manner was to “remove” the ef-
fects of fixed points of the dynamics which were found to
adversely impact the conditioning of data-driven kernel
techniques. The role of ξQ is analogous in the setting
of vector-valued observables of interest here, where this
function can vanish not only at fixed points of the dynam-
ics, but also at local extrema and/or boundary points as
stated above.

Following [26, 31, 50], in the data-driven setting we
approximate ζ by a continuous function ζτ : Ω 7→ R that
provides a finite-difference approximation of ζ with re-
spect to the sampling interval τ . As a concrete example,
we consider a central difference scheme,

ζτ ((x, y)) =
|F ((Φτ (x), y))− F ((Φ−τ (x), y))|

2τ
,

which, under the assumed differentiability properties of
F , converges as τ → 0 to ζ, uniformly on compact subsets
of Ω (including M and V). We will also consider that
the sampling interval is specified as a function τ(N) such
that τ(N)→ 0 and Nτ(N)→∞ as N →∞. With this
assumption, the limit N → ∞ corresponds to infinitely
short sampling interval (required for convergence of finite
different schemes) and infinitely long total sampling time
(required for convergence of ergodic averages). Hereafter,
we will use the notation ξQ,N for the function resulting
by substituting ζ by ζτ(N) in (B3).

3. Scaling function

With the local density and phase space speed functions
from Appendices B 1 and B 2, we define the continuous
scaling functions

sQ =

(
σQξQ
ξ̄Q

)γ
, sQ,N =

(
σQ,NξQ,N
ξ̄Q,N

)γ
, (B4)

where γ is a positive parameter, and ξ̄Q =
∫
M
ξQ dρ and

ξ̄Q,N =
∫
Ω
ξQ,N dρN are the mean values of ξQ and ξQ,N ,

respectively. This definition is motivated by [50], where it
was shown that an analogous scaling function employed
in scalar-valued kernels for ergodic dynamical systems
on compact Riemannian manifolds can be interpreted,
for an appropriate choice of γ and in a suitable limit of
vanishing kernel bandwidth parameter ε, as a conformal
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change of Riemannian metric that depends on the vector
field of the dynamics.

More specifically, a Markov operator analogous to PQ
from Section III C was shown to approximate the heat
semigroup generated by a Laplace-Beltrami operator as-
sociated with this conformally transformed metric. In
[50], this change of geometry was associated with a rescal-
ing of the vector field of the dynamics (i.e., a time change
of the dynamical system [81]) that was found to signif-
icantly improve the conditioning of kernel algorithms if
the system has fixed points. In particular, for a dataset
consisting of finitely many samples, the sampling of the
phase space manifold near a fixed point will become
highly anisotropic, as most of the near neighbors of dat-
apoints close to the fixed point will lie along the sampled
orbit of the dynamics (which is a one-dimensional set),
and the directions transverse to the orbit will be com-
paratively undersampled. The latter is because the phase
speed of the system becomes arbitrarily small near a fixed
point, meaning that most geometrical nearest neighbors
of a data point in its vicinity will lie on a single orbit.
Choosing the scaling function (analogous to sQ) such that
it vanishes at the fixed point is tantamount to increas-
ing the bandwidth 1/sQ of the kernel by arbitrarily large
amounts (see (7)), thus improving sampling in directions
transverse to the orbit.

While the arguments above are strictly valid only in
the smooth manifold case (as they rely on ε → 0 lim-
its), sQ in (B4) should behave similarly in regions of the
product space Ω where the rate-of-change of the observed
data (measured by ξQ in (B3)) is small. As stated in
Section III C, ξQ can vanish or be small not only at fixed
points of the dynamics on X, but also at points y ∈ Y
where the observable Fy is constant or nearly constant
(e.g., near domain boundaries).

What remains for a complete specification of sQ is to
set the exponent parameter γ. According to the discus-
sion in Appendix B 1, if M is an m-dimensional smooth
manifold, setting γ = 1/m has the effect of normaliz-

ing the distance function dQ to a dimensionless quantity

d̃Q. The conformal change of metric in [50] was also per-
formed with that choice of γ. In practice, M will not
be a smooth manifold, but we can still assign to it an
effective dimension by examining the dependence of the
kernel integrals κ =

∫
M×M k̄Q dρ⊗dρ (or the correspond-

ing data-driven quantity κN =
∫
Ω×Ω k̄Q dρN ⊗ dρN ) as

a function of the bandwidth parameter ε. As shown in
[27, 82], d log κ/d log ε can be interpreted as an effective
dimension forM at the scale associated by the bandwidth
parameter ε. This motivates an automatic bandwidth
tuning procedure where ε is chosen as the maximizer of
that function, and the corresponding maximum value m̂
provides an estimate of M ’s dimension.

Here, we nominally set γ = 1/m̂ with m̂ determined via
the method just described. As discussed in Section VII,
our results are not too sensitive with respect to changes of
γ around that value. In fact, for the systems studied, our
results remain qualitatively robust even if the velocity-
dependent terms are not included in sQ and sQ,N ; that
is, qualitatively similar results can also be obtained using
the scaling functions

sQ = σγQ, sQ,N = σγQ,N .

Scaling functions of this class are continuous even if F is
not continuously differentiable with respect to x.

4. Proof of Proposition 2

To prove the claim, it suffices to show that σQ and
ξQ are both invariant functions under the group action
Γ gΩ . That σQ is invariant follows from (B1) in conjunc-
tion with the fact that k̄Q(ω, ω′) = k̄Q(ω, Γ γΩ(ω′)) for all
ω, ω′ ∈ Ω and g ∈ G; the latter is a direct consequence
of Proposition 1. Next, to verify invariance of ξQ, fix any
x ∈ X, y ∈ Y , and g ∈ G, and use (B3) to compute

ξ2Q(Γ gΩ((x, y))) =
1

Q

Q−1∑
q=0

∣∣∣∣limt→0

Φt−qτ (Γ gX(x))(Γ gY (y))− Φ−qτ (Γ gX(x))(Γ gY (y)

t

∣∣∣∣2 =
1

Q

Q−1∑
q=0

∣∣∣∣limt→0

Φt−qτ (x)(y)− Φ−qτ (x)(y)

t

∣∣∣∣2
= ξ2Q((x, y)).

This completes the proof of the Proposition.

Appendix C: Behavior of kernel integral operators
in the limit of infinitely-many delays

In this appendix, we describe some of the properties of
the d∞ and d̃∞ pseudometrics in (4) and (6), respectively,
and the associated kernel integral operators K∞ and P∞.

These properties follow by a similar analysis to that per-
formed in [51] for pseudometrics on the state space X
computed from delay-coordinate mapped snapshot data
(i.e., without taking into account spatial dependencies on
Y ).

First, for any two points y, y′ ∈ Y the function dQ,yy′ :
X ×X 7→ R defined by

dQ,yy′(x, x
′) = dQ((x, y), (x′, y′))
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is continuous. Therefore, by the Birkhoff point-
wise ergodic theorem, the limit limQ→∞ dQ,yy′(x, x

′) =
d∞((x, y), (x′, y′)) exists for almost every (x, x′) ∈ X×X
with respect to the product measure µ× µ. This implies
that d∞ is a well defined function in L2(M ×M,ρ× ρ).
Note that the latter is isomorphic as a Hilbert space to
HM ⊗ HM . ‘ Next, it follows by invariance of Birkhoff
averages, that for every (y, y′) ∈ Y × Y , the function
d∞,yy′ ∈ L2(X ×X,µ× µ) is invariant under the Koop-
man operator U t⊗U t of the product dynamical system on
X ×X; i.e., (U t ⊗U t)d∞,yy′ = d∞,yy′ . Correspondingly,

d∞ is invariant under the Koopman operator Ũ t ⊗ Ũ t;
that is, (Ũ t ⊗ Ũ t)d∞ = d∞. Following [51], it can fur-
ther be shown that for any y, y′ ∈ Y , d∞,yy′ lies in the
subspace DA⊗DA of HA⊗HA associated with the point
spectrum of U t (see Appendix A). This implies that d∞
lies in DM ⊗DM .

Analogous results hold in the case of the rescaled
pseudometric d̃∞ by virtue of the fact that the scaling
function s∞ = limQ→∞ sQ from Appendix B is invari-

ant under Ũ t. This is because (1) the density function
σ∞ = limQ→∞ σQ from Appendix B 1 is based on the

kernel k̄∞, which is invariant under Ũ t ⊗ Ũ t by the in-
variance of d∞ just established, and (2) the phase space
speed function ξ2∞ = limQ→∞ ξ2Q is a Birkhoff average.

It therefore follows that d̃∞ and k∞ are both invariant
under Ũ t ⊗ Ũ t, and lie in the DM ⊗ DM subspace of
HM ⊗HM .

We now use these results to prove Theorem 4. Our
calculation mimics that in the proof of Theorem 3 on the
commutation between kernel integral operators and uni-
tary symmetry operators. In particular, the invariance
of d∞ under Ũ t ⊗ Ũ t, in conjunction with the fact that
ρ is invariant under Φ̃t, implies that

K∞f(ω) =

∫
M

k∞(ω, ω′)f(ω′) dρ(ω′)

=

∫
M

k∞(ω, Φ̃t(ω′))f(Φ̃t(ω′)) dρ(ω′)

=

∫
M

k∞(Φ̃−t(ω), ω′)f(Φ̃t(ω′)) dρ(ω′)

= Ũ−tK∞Ũ
tf(ω). (C1)

Therefore, for every t ∈ R, K∞ and Ũ t are commuting
operators with

[Ũ t,K∞] = Ũ tK∞ −K∞Ũ t = 0.

It also follows from the invariance of k∞ under Ũ t⊗ Ũ t
that the right and left normalization functions r and l,
respectively, are invariant under Ũ t, and thus that the
Markov kernel p∞ is again invariant under Ũ t ⊗ Ũ t.
Therefore, by an analogous calculation to that used to
deduce (C1) we can deduce that [Ũ t, P∞] = 0. This con-
cludes our proof of Theorem 4.

Appendix D: Proof of Theorem 6

Our proof of Theorem D draws heavily on the spec-
tral convergence results on data-driven kernel integral
operators established in [23, 51], though it requires cer-
tain modifications appropriate for the class of variable
bandwidth kernels in (5), which, to our knowledge, have
not been previously discussed. In what follows, we pro-
vide explicit proofs of Claims (a) and (b) of the theo-
rem; Claim (c) is a direct consequence of the definition

of φ̃j,N in (31). Throughout this appendix, all operators
will act on the Banach space of continuous functions on
V equipped with the uniform norm, ‖·‖C(V). Therefore,
for notational simplicity, we will drop the tildes from our
notation for P̃Q and P̃Q,N .

1. Proof of Claim (a)

First, that PQ,N is compact follows immediately from
the fact that it has finite rank. Showing that PQ is com-
pact is equivalent to showing that for any bounded se-
quence fn ∈ C(V), the sequence gn = PQfn has a limit
point in the uniform norm topology. Since V is compact,
it suffices to show that gn is equicontinuous and bounded;
in that case, the existence of a limit point of gn is a con-
sequence of the Arzelà-Ascoli theorem. Indeed, for any
ω ∈ V, we have

|gn(ω)| =
∣∣∣∣∫
M

pQ(ω, ω′)fn(ω′) dρ(ω′)

∣∣∣∣
≤
∫
M

|pQ(ω, ω′)fn(ω′)| dρ(ω′)

≤ ‖pQ‖C(V×V)‖fn‖C(V)

≤ ‖pQ‖C(V×V)B,

where B = supn‖fn‖C(V). This shows that gn is uni-
formly bounded. Similarly, we have

|gn(ω)− gn(ω′)| ≤ ‖pQ(ω, ·)− pQ(ω′, ·)‖C(V)‖fn‖C(V)

≤ ‖pQ‖C(V×V)Bd̄Ω(ω, ω′),

where d̄Ω is any metric on Ω compatible with its induced
topology from X and Y (see Section II). This implies that
the family {gn} is equicontinuous, and it follows from
the Arzelà-Ascoli theorem that it has a limit point. We
therefore conclude that PQ is compact, as claimed.

2. Proof of Claim (b)

According to Definition 5, we must first show that for
every f ∈ C(V), PQ,Nf converges to PQf in the uniform
norm; that is, we must show that limN→∞ ηN = 0, where

ηN = ‖PQ,Nf − PQf‖C(V).
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Defining the Markov kernel p̂Q,N : C(V)× C(V) 7→ R+,

p̂Q,N =
kQ

lQ,NrQ,N
, (D1)

and the operators P̃Q,N : C(V) 7→ C(V) with

P̃Q,Nf =

∫
M

pQ(·, ω)f(ω) dρN (ω),

P̂Q,Nf =

∫
M

p̂Q,N (·, ω)f(ω) dρN (ω),

we have

ηN ≤ ‖PQf − P̃Q,Nf‖C(V)

+ ‖P̃Q,Nf − P̂Q,Nf‖C(V)

+ ‖P̂Q,Nf − PQ,Nf‖C(V); (D2)

that is, we can bound ηN by the sum of contributions
due to (1) errors in approximating integrals with respect
to the invariant measure ρ by the sampling measure ρN
(the first term in the right-hand side), (2) errors in ap-
proximating the left and right normalization functions lQ
and rQ by their data-driven counterparts, lQ,N and rQ,N ,
respectively, and (3) errors in approximating the kernel
kQ by the data-driven kernel kQ,N (the third term in the
right-hand side).

We first consider the first term,

‖PQf − P̃Q,Nf‖C(V) = max
ω∈V
|P̃Q,Nf(ω)− PQf(ω)|.

By the assumptions stated in Section VI A (in partic-
ular (28)) in conjunction with the continuity of pQ, it

follows that P̃Q,Nf(ω) converges to PNf(ω), pointwise
with respect to ω ∈ V; however, it is not necessarily the
case that the convergence is uniform. For the latter, we
need the stronger notion of a Glivenko-Cantelli class.

Definition 8. Let E : C(V) 7→ C and EN : C(V) 7→ C,
be the expectation functions with respect to the measures
ρN and ρ, respectively, i.e.,

Ef =

∫
M

f dρ, ENf =

∫
M

f dρN , f ∈ C(V).

Then, a set of functions F ∈ C(V) is said to be a
Glivenko-Cantelli class if

lim
N→∞

sup
f∈F
|Ef − ENf | = 0.

Note, in particular, that if the set

F1 = {pQ(ω, ·)f(·) | ω ∈ V}

can be shown to be a Glivenko-Cantelli class, then it will
follow that ‖P̃Q,Nf − PQf‖C(V) vanishes as N → ∞.
That this is indeed the case follows from Proposition 11
in [23].

Next, we turn to the second and third terms in (D2).
To bound these terms, we first establish convergence of
the data-driven distance scaling functions sQ,N to sQ.

Lemma 9. The scaling functions sQ,N from Appendix B
converge uniformly as N →∞ to sQ.

Proof. It follows from the definition of sQ and sQ,N
in (B4) that for all ω ∈ V,

|sQ,N (ω)− sQ(ω)| = |σQ,N (ω)ξQ,N (ω)− σQ(ω)ξQ(ω)|γ

≤ (|σQ,N (ω)− σQ(ω)||ξQ,N (ω)|
+ |σQ(ω)||ξQ,N (ω)− ξQ(ω)|)γ .

Thus, since ξQ,N converges uniformly to ξQ by continuous
differentiability of the observation map F on the compact
set V (see Appendix B 2), sQ,N will converge uniformly
to sQ if σQ,N converges uniformly to σQ. Indeed, because

|σQ,N (ω)− σQ(ω)| = |Ek̄Q(ω, ·)− EN k̄Q(ω, ·)|,

this will be the case if the set

F2 = {k̄Q(ω, ·) | ω ∈ V}

is a Glivenko-Cantelli class. This follows from similar
arguments as those used to establish that F1 is Glivenko-
Cantelli.

Lemma 9, in conjunction with the continuity of the
kernel shape function used throughout this work (see Sec-
tion III B) implies in the following:

Corollary 10. The data-driven kernel kQ,N converges
uniformly to kQ; that is,

lim
N→∞

‖kQ,N − kQ,N‖C(V×V) = 0.

We now proceed to bound the second term in (D2),

‖P̃Q,Nf − P̂Q,Nf‖C(V). It follows from the definition of
the kernels pQ,N and p̂Q,N via (30) and (D1), respec-
tively, that

‖P̃Q,Nf − P̂Q,Nf‖C(V)

≤ ‖kQ‖C(V×V)‖f‖C(V)

×
∥∥∥∥ 1

lQ,N ⊗ rQ,N
− 1

lQ ⊗ rQ

∥∥∥∥
C(V×V)

.

By our assumptions on kernels stated in Section VI A, the
functions lQ, rQ, lQ,N and rQ,N are bounded away from
zero; therefore, there exists a constant c > 0, independent
of N , such that

‖P̃Q,Nf − P̂Q,Nf‖C(V)

≤ c‖kQ‖C(V×V)‖f‖C(V)

× ‖lQ ⊗ rQ − lQ,N ⊗ rQ,N‖C(V×V)

= c‖kQ‖C(V×V)‖f‖C(V)

× ‖lQ − lQ,N‖C(V)‖rQ − rQ,N‖C(V).



27

Observe now that

‖rQ − rQ,N‖C(V) = max
ω∈V
|rQ(ω)− rQ,N (ω)|

= max
ω∈V
|EkQ(ω, ·)− ENkQ,N (ω, ·)|

≤ max
ω∈V
|EkQ(ω, ·)− ENkQ(ω, ·)|

+ max
ω∈V
|EN (kQ,N (ω, ·)− kQ(ω, ·))|

≤ max
ω∈V
|EkQ(ω, ·)− ENkQ(ω, ·)|

+ ‖kQ,N − kQ‖C(V×V).

Since ‖kQ,N − kQ‖C(V×V) converges to zero by Corol-
lary 10, it follows that

lim
N→∞

‖rQ − rQ,N‖C(V) = 0 (D3)

if it can be shown that

F3 = {kQ(ω, ·) | ω ∈ V}

is a Glivenko-Cantelli class. The latter can be verified
by means of similar arguments as those used to establish
that F1 is Glivenko-Cantelli. Equation (D3), in conjunc-
tion with the fact that ‖lQ−lQ,N‖C(V) is bounded, is suf-

ficient to deduce that limN→∞‖P̃Q,Nf−P̂Q,Nf‖C(V) = 0.

We now turn to the third term in (D2), ‖P̂Q,Nf −
PQ,Nf‖. We have

‖P̂Q,Nf−PQ,Nf‖C(V×V) ≤ ‖p̂Q,N−pQ,N‖C(V×V)‖f‖C(V),

and it follows from the definitions of p̂Q,N and pQ,N , in
conjunction with the fact that the normalization func-
tions lQ,N and rQ,N are both bounded away from zero,
that there exists a strictly positive constant c such that

‖P̂Q,Nf−PQ,Nf‖C(V×V) ≤ c‖kQ−kQ,N‖C(V×V)‖f‖C(V).

Thus, convergence of ‖P̂Q,Nf − PQ,Nf‖ follows Corol-
lary 10.

In summary, we have shown that ‖PNf − P̃Q,Nf‖C(V),

‖P̃Q,Nf − P̂Q,Nf‖C(V), and ‖P̂Q,Nf − PQ,Nf‖C(V) all
converge to zero, which is sufficient to conclude that
limN→∞ ηN = 0, and that that PQ,Nf converges to PQf .

According to Definition 5, it remains to show that for
any bounded sequence fN ∈ C(V), the sequence gN =
(PQ,N −PQ)fN has a limit point. This can be proved by
an Arzelà-Ascoli argument as in the proof of claim (a)
in conjunction with Glivenko-Cantelli arguments as in
the proof of pointwise convergence above. We refer the
reader to Proposition 13 in [23] for more details. This
completes our proof of claim (b).
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