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Abstract

This paper studies the adversarial graphical contextual bandits, a variant of adversarial multi-armed bandits that
leverage two categories of the most common side information: contexts and side observations. In this setting, a
learning agent repeatedly chooses from a set of K actions after being presented with a d-dimensional context vector.
The agent not only incurs and observes the loss of the chosen action, but also observes the losses of its neighboring
actions in the observation structures, which are encoded as a series of feedback graphs. This setting models a variety
of applications in social networks, where both contexts and graph-structured side observations are available. Two
efficient algorithms are developed based on EXP 3. Under mild conditions, our analysis shows that for undirected
feedback graphs the first algorithm, EXP3-LGC-U, achieves the regret of order O(y/(K + a(G)d)T log K ) over
the time horizon T', where «(G) is the average independence number of the feedback graphs. A slightly weaker
result is presented for the directed graph setting as well. The second algorithm, EXP3-LGC-IX, is developed for a
special class of problems, for which the regret is reduced to O(y/a(G)dT log K log(KT)) for both directed as
well as undirected feedback graphs. Numerical tests corroborate the efficiency of proposed algorithms.

1 Introduction

Multi-armed bandits (MAB) (Thompsonl |1933}|Lai and Robbinsl [1985} |Auer et al., |2002alb) is an online learning
model of paramount importance for sequential decision making. Yielding algorithms with both theoretical guarantees
and convenient implementations such as UCB1 (Auer et al.,|2002a)), Thompson sampling (Agrawal and Goyall 2012;
Kaufmann et al.} 2012} Thompson, |1933), EXP 3 (Auer et al., 2002b), and INF (Audibert and Bubeck, [2009), MAB
has been of interest in many real-world applications: clinical trials (Thompson, |1933), web advertising (Jiang} 2015)),
web search (Kveton et al.| [2015; [Wang et al., 2019), and cognitive radio (Maghsudi and Hossainl [2016), to just
name a few. While the classical MAB has received much attention, this model may not be delicate enough for
applications, since it does not fully leverage the widely available side information. This has motivated studies on
contextual bandits (Li et al.| 2010; [Chu et al.l 2011} |Abbasi- Yadkori et al., 201 1; |Agarwal et al.,2014) and graphical
bandits (Mannor and Shamir, 2011} |Alon et al., 2013} 2015} |2017), which aim to address two categories of the
most common side information, contexts and side observations, respectively. In a contextual bandit problem, a
learning agent chooses an action to play based on the context for the current time slot and the past interactions. In
a graphical bandit setup, playing an action not only discloses its own loss, but also the losses of its neighboring
actions. Applications of contextual bandits include mobile health (Tewari and Murphy},|2017) and online personalized
recommendation (Li et al., 2010, 2019} |Zhou et al., [2020b), whereas applications of graphical bandits include viral
marketing, online pricing, and online recommendation in social networks (Alon et al.,2017;|Liu et al., [2018b).
However, contextual or graphical bandits alone may still not capture many aspects of real-world applications
in social networks efficiently. As a motivating example, consider the viral marketing over a social network, where
a salesperson aims to investigate the popularity of a series of products (Lobel et al.,[2017). At each time slot, the
salesperson could offer a survey (context) of some product to a user together with a promotion. The salesperson
also has a chance to survey the user’s followers (side observations) in this social network, which can be realized



by assuming that i) if the user would like to get the promotion, the user should finish the questionnaire and share it
in the social network, and ii) if the followers would like to get the same promotion, they need to finish the same
questionnaire shared by the user.

This example demonstrates the importance of a new MAB model that accounts for both context and side
observations. Thus, designing pertinently efficient algorithms with guarantees is valuable, which is also recognized
in the recent work on stochastic graphical contextual bandits (Singh et al.,[2020). Mechanically combining existing
algorithms for contextual bandits and graphical bandits leads to algorithms with better empirical performance,
compared to algorithms designed solely for contextual or graphical bandits. This can be verified by the genie-aided
argument that side observations provide more information beyond the original contextual bandit problem, and will
therefore not result in worse performance, if used properly. Certain theoretical guarantees can be derived if we
adopt the results of contextual bandits as the worst case in the analysis. However, one should keep in mind that the
merits of this paper are not just in combining formulations and algorithms: we will show that simply combining
existing algorithms will result in intractable steps in analysis, and will not yield efficient algorithms with meaningful
theoretical guarantees capturing the benefits of both contexts and side observations.

In this paper, we present the first study on adversarial linear contextual bandits with graph-structured side
observations (or simply, graphical contextual bandits). Specifically, at each time slot ¢, the adversary chooses the loss
vector for each action in a finite set of K actions, and then a learning agent chooses from this K -action set after being
presented with a d-dimensional context. After playing the chosen action, the agent not only incurs and observes the
loss of the chosen action, but also observes losses of its neighboring action in the feedback graph G, where the
losses are generated by the contexts and loss vectors under the linear payoff assumption (Agrawal and Goyall 2012).
The goal of the agent is to minimize the regret, defined as the gap between the losses incurred by the agent and
that of some suitable benchmark policy. Under mild conditions, we develop two algorithms for this problem with
theoretical guarantees: i) EXP3-LGC-U, inspired by EXP3-SET (Alon et al.,[2013,2017) and LinEXP3 (Neu
and Olkhovskayal 2020); ii) EXP3-LGC-IX, inspired by EXP3-IX (Kocdk et al) |2014) and LinEXP3. The
contributions of the present work can be summarized as follows:

* We present and study a new bandit model, graphical contextual bandits, which jointly leverages two categories
of the most common side information: contexts and side observations. This new model generalizes the original
contextual bandits and graphical bandits, and turns out to be more delicate in describing real-world applications
in social networks.

* Under mild assumptions, we propose the first algorithm, EXP 3—-LGC-U, for the general adversarial graphical
contextual bandits. When the feedback graphs {G}]_; are undirected, we show that EXP3-LGC-U achieves
aregret O(y/(K + a(G)d)T log K), where a(G) is the average independence number of {G;}1_,. In the
directed graph setting, we show a slightly weaker result with a regret O(+/ (K + «(G)d)T log(KdT)). When
losses are non-negative, we develop the second algorithm, EXP3-1LGC—-IX, whose regret upper bound is
O(y/a(G)dT log K log(KT)) for both directed and undirected graph settings.

* In all regret upper bounds of our novel algorithms, the dependencies on d and 7" match exactly the best
existing algorithm RealLinEXP3 (Neu and Olkhovskayal 2020) for adversarial linear contextual bandits.
Furthermore, the dependency on K of our proposed algorithms improves over RealLinEXP3 as a(G) < K
always holds, where the quantity «(G) matches the lower bound Q(+/«(G)T') for adversarial graphical
bandits (Mannor and Shamir, [2011)). This comparison indicates that our proposed algorithms capture the
benefits of both contexts and side observations.

* Numerical tests reveal the merits of the proposed model and algorithms over the state-of-the-art approaches.

The remainder of this paper is organized as follows. A brief literature review is presented in Section [2]
Problem formulations and necessary assumptions for analysis are introduced in Section[3} The EXP3-LGC~U and
EXP3-LGC-IX together with their analyses, are detailed in Sections 4] and [5] respectively. Finally, we conclude the
paper in Section|[/| The proofs are deferred to the Appendix.

Notation. We use ||z||2 to denote the Euclidean norm of vector z; (z, y) stands for the inner product of x and y.
We also define E; [-] = E [-| F;_1] as the expectation given the filtration ;1.



2 Related work

Contextual bandits: Our paper studies a variant of adversarial contextual bandits, where adversarial contextual
bandits were first investigated in |Rakhlin and Sridharan| (2016); Syrgkanis et al.| (2016alb) for arbitrary class of
policies without the linear payoff assumption. More relevant to our paper is Neu and Olkhovskaya| (2020) that
studied adversarial linear contextual bandits. Another category of contextual bandits is named as contextual bandits.
For stochastic linear contextual bandits, |Auer et al.| (2002c); |Chu et al.| (2011); [Li1 et al.| (2010); /Abbasi- Yadkor1
et al.| (2011)) provided UCB-based algorithms; |Agrawal and Goyal (2013)); /Abeille and Lazaric|(2017) designed
and analyzed a generalization of Thompson sampling for the contextual setting. Stochastic contextual bandits in
generalized linear models are studied in|Valko et al.|(2013); [Filippi et al.| (2010); |Calandriello et al.[(2019). Stochastic
contextual bandits with arbitrary set of policies can be found in|Langford and Zhang|(2008)); Dudik et al.| (201 1));
Agarwal et al.|(2014); [Foster et al.| (2019, |2018); Foster and Rakhlin| (2020). A neural net framework for stochastic
contextual bandits with theoretical guarantees is proposed inZhou et al.|(2020a). Other interesting works include
non-stationary contextual bandits (Luo et al.,|2018};|Chen et al.l 2019), fairness in contextual bandits (Joseph et al.,
2016j Chen et al., [2020), etc. We refer the readers to Zhou|(2015) for a survey on contextual bandits.

Graphical bandits: If the contexts are not considered, our model will degenerate to Graphical bandits, which
consider the side observations upon classical MAB. Graphical bansits were first proposed under the adversarial
setting (Mannor and Shamir, |2011)). Performance for the model was then improved in a series of works (Alon et al.|
2013; |Kocék et al., 2014; |Alon et al., 2015, 2017), with best performance matching the lower bound Q(y/a(G)T).
Most existing algorithms for adversarial graphical bandits are based on the classical EXP3. Graphical bandits
has also been considered in the stochastic setting: |Caron et al.[(2012) proposed a variant of UCB1;|Buccapatnam
et al.[(2014) improved the previous result via e-greedy and UCB with a well-designed linear programming; (Cohen
et al.| (2016) developed an elimination-based algorithm that achieved the optimal regret; Thompson-sampling-based
algorithms were recently proposed in|Liu et al.| (2018alb)). Other related works include graphical bandits with noisy
observations (Kocak et al., 2016;|Wu et al.,|2015)), graphical bandits with switching costs (Arora et al.,[2019; Rangi
and Franceschetti, [2019), graphical bandits with small-loss bound (Lee et al., 2020; [Lykouris et al., 2018)), etc. We
refer the readers to|Valko| (2016) for a survey on graphical bandits.

Graphical contextual bandits: Recently, Singh et al.| (2020) studied a stochastic variant of our model. UCB and
linear programming (LP) based algorithms were proposed. The UCB based algorithm achieves a regret O(K log T'),
whereas the LP based approach achieves a better regret O(x(G) log T') with x(G) denoting the dominant number.

3 Preliminaries

We consider an adversarial linear contextual bandit problem with graph-structured side observations between a
learning agent with a finite action set V := {1,..., K} and its adversary. Ateach time stept = 1,2,...,T, the
interaction steps between the agent and its adversary are repeated, which are described as follows. At the beginning
of time step ¢, the feedback graph G,(V, &,) and a loss vector 0, ; € R¢ for each action ¢ € V are chosen by the
adversary arbitrarily, where G can be directed or undirected, V' is the node set (the same as the action set V),
and &, is the edge set. Note that G; and 0; ; are not disclosed to the agent at this time. After observing a context
X; € R?, the agent chooses an action I; € V' to play based on X, the previous interaction history, and possibly some
randomness in the policy, and incurs the loss £, (X, I;) = (X4, 0y, +). Unlike the recently proposed adversarial linear
contextual bandits (Neu and Olkhovskayal [2020), where only the played action I; discloses its loss £;( X+, I1), here
we assume all losses in a subset Sy, ; C V are disclosed after I; is played, where .Sy, contains ; and its neighboring

nodes in the feedback graph G;. More formally, we have that S, ; := {j € V|i 5N j €& orj =i}, wherei 5N J
indicates an edge from node ¢ to node j in a directed graph or an edge between ¢ and j in an undirected graph at
time ¢. These observations except for that of action I; are called side observations in graphical bandits (Mannor|
and Shamir] [2011). In addition, an oracle provides extra observations for all ¢ € Sy, (see Assumptionfor details).
Before proceeding to time step ¢ + 1, the adversary discloses G to the agent.

Remark 1. The way the adversary discloses G; in this paper is called the uninformed setting, where G is disclosed
after the agent’s decision making. Contrarily, a simpler setting from the agent’s perspective is called the informed
setting (Alon et al.,[2013)), where G, is disclosed before the agent’s decision making. The uninformed setting is the
minimum requirement for our problem to capture the benefits of side observations (Cohen et al., 2016, Theorem 1).



Furthermore, we have the following assumptions for the above interaction steps.

Assumption 1 (i.i.d. contexts). The context X; € R® is drawn from a distribution D independently from the choice
of loss vectors and other contexts, where D is known by the agent in advance .

Assumption 2 (extra observation oracle). Assume at each time step t, there exists an oracle that draws a context
X, e R4 from D independently from the choice of loss vectors and other contexts, and discloses X, together with

the losses lt(Xt, j) = <Xt7 i7t>f0r alli € Sy, + to the agent.

Assumption 3 (nonoblivious adversary). The adversary can be nonoblivious, who is allowed to choose G and
0;.+,Vi € V at time t according to arbitrary functions of the interaction history F;_1 before time step t. Here,
Fri=0(Xg, Xo, Lo, G, {0s(Xs, 1) Yies., {0s(Xs, i) Yies., Vs < t) is the filtration capturing the interaction history
up to time step t.

Remark 2. Assumption [I]is standard in the literature of adversarial contextual bandits (Neu and Olkhovskaya,
2020; Rakhlin and Sridharan, [2016; Syrgkanis et al., [2016alb)). In fact, it has been shown that if both the contexts
and loss vectors are chosen by the adversary, no algorithm can achieve a sublinear regret (Neu and Olkhovskaya,
2020; Syrgkanis et al.,[2016a). The oracle in Assumption [2]is mainly adopted from the proof perspective, and its role
will be clear in the analysis. In real-world applications, this oracle can be realized. Consider the viral marketing
problem for an example. After the user and her/his followers complete the questionnaire and get the offers, they
will probably purchase the products and leave online reviews after they experience those products. Then, the extra
observations can be provided by those reviews. Assumption indicates 6y.; is a random vector with E; [6; ;] = 6, 4,
and a similar result holds for GG;. Note that a bandit problem with a nonoblivious adversary is harder than that with
an oblivious adversary (Bubeck and Cesa-Bianchil 2012 |[Lattimore and Szepesvari, [2020) that chooses all loss
vectors and feedback graphs before the start of the interactions.

The goal of the agent is to find a policy that minimizes its expected cumulative loss. Equivalently, we can adopt
the expected cumulative (pseudo) regret, defined as the maximum gap between the expected cumulative loss incurred
by the agent and that of a properly chosen policy set II,

Ry = max E Z X, 01,0 — O (X))t 1 = maXE[ZZ T (i|Xe) — mp (i Xe)) (Xe, 000) |

Trell
T t=1icV

where the expectation is taken over the randomness of the agent’s policy and the contexts. It is widely acknowledged
that competing with a policy that uniformly chooses the best action in each time step ¢ while incurring an o(7") regret
is hopeless in the adversarial setting (Bubeck and Cesa-Bianchil, |2012; |[Lattimore and Szepesvari,2020). Thus, we
adopt the fixed policy set II proposed for adversarial linear contextual bandits (Neu and Olkhovskayal [2020),

0= {7rT|all policies 77 : R — V}, (1

where the decision given by mr € II only depends the current received context X,. The best policy 77, € IT is the
one that satisfies the following condition

~

(i) —]I{z—argmmz [0}, Vo € RY,

which can be derived from the regret definition as shown in|Neu and Olkhovskaya|(2020).

Before presenting our algorithms, we will further introduce several common assumptions and definitions in
linear contextual bandits and graphical bandits. We assume the context distribution D is supported on a bounded set
with each = ~ D satisfying ||z||2 < o for some positive o. Furthermore, we assume the covariance ¥ = E[X; X, ]
of D to be positive definite with its smallest eigenvalue being Apmin > 0. As for the loss vector 6; ¢, we assume that
16;.¢]l2 < L for some positive L for all 4, ¢t. Additionally, the loss ¢;(z, t) is bounded in [—1, 1]: [¢;(z,4)| < 1 for all
x ~ D, 1, and t. We have the following graph-theoretic definition from|Alon et al.| (2013} 2017);|Liu et al.|(2018b).

Definition 1 (Independence number). The cardinality of the maximum independent set of a graph G is defined
as the independence number and denoted by o(Gy), where an independence set of Gy = (Vi, &) is any subset
Vi € Vi such that no two nodes i, j € V[ are connected by an edge in &;. Note that o(G:) < K in general. Without
ambiguity, we use o(G) = + Zthl a(Gy) to denote the average independence number of the feedback graphs
{G YL, in remainder of this paper.



4 The EXP3-LGC-U algorithm

Algorithm 1 EXP3-1LGC-U

Input: Learning rate > 0, uniform exploration rate v € (0, 1), covariance ¥, and action set V.
Fort=1,...,T, do:

1. Feedback graph G, and loss vectors {6; ; },cy are generated but not disclosed.

2. Observe X; ~ D, and forallz € V, set
t—1
’U}t(Xt, Z) = eXp <_TI Z <Xta 9i,s>> . (2)
s=1

3. Play action I; drawn according to distribution 7' (X;) := (7{(1|X¢), ..., 78 (K|X;)), where

. Wy (Xta 7’) Y
(X)) =(1-Y)=s—"—F5 + —. (3)
! | ! Zjeth(XtJ) K
4. Observe pairs (i, £;(X¢,4)) for all ¢ € Sy, +, and disclose feedback graph G;.
5. Extra observation oracle: observe X; ~ D and pairs (i, £;(X;,)) forall i € Sy, ;.
6. For each i € V, estimate the loss vector 0; ; as
- KiesS S s
b0 = E Sty 0%, 0), @
Qt(Z‘Xt)

where ¢ (i X;) = 7 (| X¢) + Zj:jiﬁ T (7] Xe)-

End For

In this section, we introduce our first simple yet efficient algorithm, EXP3-LGC-U, for both directed and
undirected feedback graphs, which is the abbreviation for “EXP3 for Linear Graphical Contextual bandits with
Uniform exploration”. Detailed steps of EXP3-LGC-U are presented in Algorithm [I] The upper bounds for the
regret of EXP3-LGC-U are developed in Section[d.T| We further discuss our theoretical findings on EXP3-LGC-U
in Section[d.2] The proofs for the Claims, Theorems, and Corollaries in this section are deferred to Appendix [A]

The core of our algorithm, similar to many other algorithms for adversarial bandits, is designing an appropriate
estimator of each loss vector and using those estimators to define a proper policy. Following the EXP 3-based
algorithms, we apply an exponentially weighted method and play an action ¢ with probability proportional to
exp(—n Zz;i (X4, éls>) (see Eq. () at time step t, where 7 is the learning rate. More precisely, a uniform
exploration - is needed for the probability distribution of drawing action (see Eq. (3)). The uniform exploration is to
control the variance of the loss vector estimators, which is a key step in our analysis. At this point, the key remaining
question is how to design a reasonable estimator for each loss vector 6; ;. The answer can be found in Eq. @), which
takes advantage of both the original observations and the extra observations from the oracle. Similar to EXP3-SET,
our algorithm uses importance sampling to construct the loss vector estimator éi,t with controlled variance. The term
q: (7| X}) in the denominator in Eq. (@) indicates the probability of observing the loss of action 7 at time ¢, which is
simply the sum of all 7% (| X,) for all j that is connected to i at time ¢. The reason we use £(X,, i) and X, instead
of ¢ (Xh 1) and X} in constructing loss vector estimator éi,t can be partly interpreted in the following two claims.

Claim 1. The estimator éi’t of the loss vector 0, , in Eq. @) is an unbiased estimator given the interaction history

Fi—1 and Xy, foreachi € V and t, i.e., E; [éi,t Xt} =0;4.

It is straightforward to show that the estimator é” in Eq. (@) is unbiased w.r.t. E; [-] and E [-] by applying the



law of total expectation. However, if we use X; and £(X},4) to construct éi,t in Eq. (@), it will only be unbiased
w.r.t. E; [-] and E[-], but not E; [-| X;]. This observation turns out to be essential in our analysis, which leads to the
following immediate result of Claim [I]

Claim 2. Let p : R? — V be any policy in 11 and HAM follows Eq. @). Suppose ' is determined by F;_1 and X,
we have

ZZ T (i X0) — mr(i|X0)) (Xe, 01)

t=14ieV

- [ZZ me(i1X0) = (il X)) (X, 0, >] (5)

t=11ie€V

Remark 3. The advantages and properties of Claim [2| are summarized as following. i) By applying the policy
produced by EXP3-LGC-U and the best policy in the fixed policy set IT in Eq. (T)), the term in the right hand side of
Eq. () is exactly the regret Ry of EXP3-LGC—-U. Given this property, the known loss vector estimate ém, instead
of the unknown true loss vector 6, ;, can be applied directly to our analysis of the regret. ii) Claim[Z]is not confined to
EXP3-LGC-U and can be applied to other loss vector estimators that adopt different construction methods and any
other benchmark policy, as long as Claim [I]is satisfied. iii) Based on Claim[2} some techniques in proving classical
EXP 3 can be utilized in our analysis of the regret.

Remark 4. Claim[2]exhibits several differences between adversarial contextual bandits and classical adversarial
MAB. First, the benchmark policy 77 (| X;) depends on the contexts in adversarial contextual bandits, while the
benchmark policy is the best fixed action in hindsight in classical adversarial MAB. Second, consider the regret
definition of classical adversarial MAB, R¥B = max;cy E [Zle(xzev TEMAB (NG ) — 4 } where f"MAB (4)
is the policy produced by an EXP 3-based algorithm and ¢; ; is the loss for action 7 at time step ¢. Since no context
exists here, it is natural to design an estimator &f of £; ; that is unbiased w.r.t. [E; [-], and a similar result as Claim

can be proved. However, with the contexts, if the loss vector estimators are only unbiased w.r.t. E; [-] rather than
E¢ [-] X¢], Claim 2] will not hold as shown in the proof of Claim[2]in Appendix

Remarks [3|and ] explain the need of adopting the extra observation oracle in EXP3-LGC—-U and the way the
loss vector estimator §; ; is constructed.

4.1 Regret analysis for EXP3-LGC-U
Our main theoretical justification for the performance of EXP 3-LGC~U summarized in Theorem|I]

Theorem 1. For any positiven € (0, 1), choosing ¥ = 1K 02 | Apin, the expected cumulative regret of EXP3-LGC—U
satisfies:

log K 29K
Rt_oi EILC N dZEQt

)\mm t=1

where Q; = o(G,) if Gy is undirected, and Q; = 4a(Gy) log(4K?/(a(G1)Y)) if Gy is directed.

The proof of Theorem|I]is mainly based on the following Lemma [I] which is established on Claim 2]

Lemma 1. Supposing ’n <Xt, élt>‘ < 1, the expected cumulative regret of EXP3-LGC—-U satisfies

lo
RT<g7—|—2'yT+n]E
Ui

33w <Xt,éi,t>2] . ©)

t=14icV

The proof of Lemma(T]is detailed in Appendix [A.3] The last term in the right side of Eq. (6) can be further
bounded using graph-theoretic results in|Alon et al.| (2017, Lemma 10) and |Alon et al.| (2015 Lemma 5), which are

restated in Appendix

Remark 5. According to Eq. (T3) in the proof of Theorem[l]in Appendix if the extra observation oracle is not
adopted, we will have a higher-order term E [ X," ¥~ X, X,' 71 X, ]. In general, it is hard to specify the relationship
between this term and the dimension of contexts d. This explains why we adopt the oracle in the algorithm.



We have the following two corollaries based on Theoremm where the notations follow |Alon et al.| (2013}, 2017).

log K

Corollary 1. For the undirected graph setting, if o(Gy) < ayfort =1,...,T, then setting n = \/2K<72T/)\ ST o
min =1 Ot

gives

t=1

T
Rr=0 <2K02T/)\mm + dz at> log K

Corollary 2. For the directed graph setting, if a(Gy) < ay fort =1,...,T, and supposing that T is large enough
so that 1og(1/~) > 1, then setting n = (2K 0T/ A\in + 4d Zthl )2 gives:

T
Ry = O | | 2K02T/Ain + 4d Y _ o log(KdT)

t=1

4.2 Discussion

Corollaries |1| and [2| reveal that by properly choosing the learning rate 1 and the uniform exploration rate -y, the
regret of EXP3-LGC-U can be upper bounded by O(1/(K + «(G)d)T log K) in the undirected graph setting, and
O(v/ (K 4 o(G)d)T log(KdT)) in the directed graph setting. Compared with state-of-the-art algorithms for adver-
sarial linear contextual bandits, EXP 3—LGC—-U has tighter regret upper bounds in the extreme case when the feedback
graph G is a fixed edgeless graph (a(G) = K), as Neu and Olkhovskayal (2020) shows O(572/3(Kdlog K)'/3)
for RobustLinEXP3 and O(4V/T + /dK T log K (34 v/log T)) for RealLinEXP 3. Itis easily verified that the
dependencies on d and 7' in the regrets of EXP3-LGC-U match with the best existing algorithm RealLinEXP3.
Furthermore, the dependence on K of EXP3-LGC-U is matching with the lower bound Q(/a(G)T') for graphical
bandits (Mannor and Shamir},|2011)), which improves over that of RealLinEXP 3 in general cases. Moreover, our re-
sult is also better than algorithms designed for adversarial contextual bandits with arbitrary class of policies (Rakhlin
and Sridharan), 2016; Syrgkanis et al., [2016alb), which are not capable of guaranteeing an O(+/T') regret.

In addition, Neu and Olkhovskaya| (2020) is different from ours in the following respects: i) loss vector estimator
construction, and ii) proof techniques. First, the estimator inNeu and Olkhovskaya| (2020) is only unbiased w.r.t.
E; [-] rather than E, [-| X;]. Second, their proof is conducted on an auxiliary online learning problem for a fixed
context Xy with K actions (See|Neu and Olkhovskayal (2020, Lemmas 3 and 4) for details).

S The EXP3-LGC-IX algorithm

In this section, we present another efficient algorithm, EXP3-LGC-IX, for a special class of problems when the
support of 0; , and X, is non-negative, and elements of X, are independent. The motivation for such a setting still
comes from the viral marketing problem. Suppose the agent has a questionnaire (context) of some product, which
contains true/false questions that are positively weighted. In this case, the answers of users (loss vectors) will be
vectors that contain only 0/1 entries. Under the linear payoff assumption, the loss is non-negative. EXP3-LGC—IX,
which is the abbreviation for “EXP3 for Linear Graphical Contextual bandits with Implicit eXploration”, has the
same regret upper bound for both directed and undirected graph settings, as shown in Section[5.1] The proofs for the
Claims, Theorems, and Corollaries in this section are deferred to Appendix

Algorithm [2] shows the detailed steps of EXP3-LGC~-IX, which follows the method of classical EXP 3 and is
similar to EXP 3-LGC-U. The main differences between EXP3-LGC—-IX and EXP3-LGC-U are as follows. First,
no explicit uniform exploration mixes with the probability distribution of drawing action (see Eq. (7). In this case,
for EXP3-LGC—U without uniform exploration, only a worse regret upper bound that contains mas(G) rather than
a(@G) can be proved in the directed graph setting, where mas(G) is the average maximum acyclic subgraphs number
and mas(G) > «(G). This result could be obtained by simply removing the uniform exploration part in the proof of
EXP3-LGC-U and substituting LemmaE] with|Alon et al|(2017, Lemma 10). Second, biased loss vector estimator
is adopted (see Eq. (8)). Similar to EXP3-1IX, this biased estimator ensures that the loss estimator satisfies the
following claim, which turns out to be essential for our analysis.



Algorithm 2 EXP3-LGC-IX

Input: Learning rate 7; > 0, implicit exploration rate 3; € (0, 1), covariance X, and action set V.
Fort=1,...,T, do:

1. Feedback graph G; and loss vectors {0; ; };cy are generated but not disclosed.
2. Observe X; ~ D, and play action I; drawn according to distribution 7§ (X;) := (7 (1| X,), ..., 7 (K| X))

with )
wi (X, 1)

> jev wi(Xe, 5)
where wy(X,1) = % exp (*m Zz;ll <Xt, é“>)

3. Observe pairs (i, ¢4 (X, 1)) for all ¢ € Sy, 4, disclose feedback graph G.

T (1| Xy) = (7)

4. Extra observation oracle: observe X; ~ D and pairs (, @(Xt, i)) forall i € Sy, ;.

5. For each i € V, estimate the loss vector 0; ; as

~ ]I{Z c S] t} 1~ 7 iyt .
it = — o n Xl (Xy,0), (3
' Qt(Z|Xt)+6t (X, 1)

where qt(i]Xt) =7 (i Xy) + Zj;jiﬁ Wf(j‘Xt).

End For

Claim 3. The estimator éi’t of the loss vector 8, ; for each i € V and t satisfies

E, [ng(ﬂxt) (X005 )

i€V

i (il X+)

— 7 (X;,0;4). 9
Qt(i|Xt)+ﬁt< trbie) ®

Xt‘| = Zﬁta(”Xt) <Xt7 9i,t> - 5t Z

i€V i€V

Remark 6. Claim[3indicates the loss estimators in EXP 3-LGC—IX are optimistic. The bias incurred by EXP3-LGC-IX
can be directly controlled by the implicit exploration rate 3;. This kind of implicit exploration actually has similar
effect in controlling the variance of the loss estimators as explicit exploration (e.g., uniform exploration), though

the approach is different. Notice that Claim [3]does not hold if there is no extra observation oracle (see the proof in
Appendix for details), which further demonstrates the necessity of the oracle.

5.1 Regret analysis for EXP3-LGC-IX

The upper bound on the regret of EXP3-LGC—-IX follows Theorem 2] where the proof of Theorem [2]is deferred to
Appendix [B.2] Notice that a similar higher-order term as that in Remark [5|appear in the proof of Theorem 2] if the
extra observation oracle is not adopted.

Theorem 2. Setting 3; = \/log K/(K + 22;11 Qs) and n, = \/log K/(dK +d 22;11 Qs), the expected regret
of EXP3-LGC—-IX satisfies:

T
Ry < 2(1+ VA)E <K+2Qt> log K | | (10)

t=1

for both directed and undirected graph settings, where Q: = 2a(G4) log (1 —+ w) +2
’ a(Gy) ’

Based on Theorem 2] we have the following corollary.



Corollary 3. Suppose a(G;) < ay fort =1,...T, the regret of EXP3-LGC—IX satisfies

T
Rr =0 || adlogKlog (KT) |,

t=1
for both directed and undirected graph settings.

Corollary 3| reveals that by adopting the learning rate 7, and the implicit exploration rate /3; adaptively, the regret
of EXP3-LGC—IX can be upper bounded by O(/a(G)dT log K log(KT)) for both directed and undirected graph
settings. This result indicates that EXP3-LGC—IX captures the benefits of both contexts and side observations, as
discussed in Section[d.2] The EXP3-LGC—IX algorithm cannot handle negative losses due to the following two
reasons. First, if the losses are negative, Claim 3]does not hold. Second, although we can flip the sign of 3; according
to the sign of the loss vector to guarantee the optimism of the loss estimator, the graph-theoretic result (e.g., [Kocak
et al.| (2014, Lemma 2)) cannot be applied as f; is required to be positive.

6 Numerical Results

We conduct the numerical tests on synthetic data to demonstrate the efficiency of the novel EXP3-LGC-U and
EXP3-LGC-IX algorithms.

We consider a setting of K = 10 actions, with d = 10 dimensional contexts observed iteratively on a T' = 10°
time horizon. Each coordinate of context X; (or X;) is generated i.i.d. from the Bernoulli distribution with support
{0,1/+/d} and p = 0.5, where the covariance of X is I;/(4d), and I, is the identity matrix of size d x d. The
loss vectors are generated with a sudden change. Specially, for ¢ € [1,50000], each coordinate of 6, ; are set to be
0;.:(5) = 0.1i| cos t|/v/d, whereas 0; ;(j) = 0.054| sin t|//d for the remaining time steps, forall j = 1,...,d. We
consider the time-invariant and undirected feedback graph structure for the purpose of performance validation. As
depicted in Figure[I] the feedback graph consists of a 9-vertex complete graph and one isolated vertex, where the
independence number o(G) = 2.

(1 0
No<Z]
SZvans
\"e'rig"gv/\'
gL
e"l‘/:‘:“,rii&\e
N\
9

Figure 1: Feedback graph structure for the numerical tests.

We compare EXP3-LGC-U and EXP3-LGC-IX with RobustLinEXP3 fromNeu and Olkhovskayal (2020).
We also let EXP3-LGC-U* and EXP3-LGC-IX* denote the proposed algorithms without relying on side observa-
tions. The parameters of EXP3-LGC-U and EXP 3-LGC—IX are chosen according to Corollary [I|and Theorem 2]
respectively. For EXP3-LGC-U* and EXP3-LGC-IX*, the parameter selection methods are identical as before,
except for setting a(G) = K. The parameters of RobustLinEXP3 are tuned exactly the same as those in Neu and
Olkhovskayal (2020).
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Figure 2: Regret! comparison of different algorithms on synthetic dataset over 100 independent trials.

Figurepresents the expected cumulative regretﬂ where the results are averaged over 100 independent trials. We
find that EXP3-LGC-U and EXP 3-LGC—IX significantly outperform the baseline algorithms (RobustLinEXP3,
EXP3-LGC-U*, and EXP3-LGC-IX*), which is consistent with theoretical guarantees in Theorems [T] and 2]
Besides, even if there is no side observation, our proposed algorithms are also better than RobustLinEXP 3 (see
comparison among EXP3-LGC-U*, EXP3-LGC-IX*, and RobustLinEXP3 in Figure[2).

7 Conclusion

We introduce a new MAB formulation — adversarial graphical contextual bandits — which leverage both con-
texts and side observations. Two efficient algorithms, EXP3-1LGC-U and EXP3-LGC-IX, are proposed, with
EXP3-LGC-IX for a special class of problems and EXP 3-LGC-U for more general cases. Under mild assumptions,
it is analytically demonstrated that the proposed algorithms achieve the regret O(+/«(G)dT) for both directed and
undirected graph settings.

Several interesting questions are left open for future work. One challenging problem lies in providing a tight
lower bound for adversarial linear graphical contextual bandits. Another promising direction for follow-up work is
studying the small-loss bound for graphical contextual bandits.
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Appendix

A Proofs in Section 4!

A.1 Proof of Claim[Il
Proof. By plugging Eq. (@) into E, {éi,t

Xt} , we have that

~ o ]I{’L S Slt} —1~ 7 it .
B, [0:0) X| =B Wi T Xily (X, 1)| X,
=, MglefXTg,f X,
(i) Xy) S
X 1{i -
W [HESLH ¢ | gip [thj} 0.,
(i X)

where step (a) uses the fact that E; [0, ¢| X;]| = E, [0, ¢] = 6;+, and X, is independent of F;_;, X4, and 6, ;. Notice
the following facts,

]I . a( X ~ ~
Et {26751’} Xt = Z M = 1, andE |:XthT:| = .
q: (i X+) e, q: (i X+)
We conclude that E, [éi,t Xt} = 0;. =

A.2 Proof of Claim

Proof.
E Z (i (1| Xe) — mr (il X)) <Xt7 ézt>]
icv
(a) al: , A
=E |E Z (¢ (3] X)) — 77 (i] Xe)) <Xt,9i,t> Xt
=%
=E Z (mf (1| X¢) — 7 (i X)) <Xt>Et [éz’,t Xt:| >1
icV
© E lz (7 (i| X¢) — 7 (8| Xy)) <Xt70i,t>‘| )
ieV
where step (a) uses the law of total expectation and step (b) uses Claim [I] O

A.3 Proof of Lemmall

Proof. As mentioned before, Claim [2]enables us to adopt the techniques similar to the ones used to originally analyze
EXP 3 in/Auer et al. (2002b). We introduce W (z) = ;. w¢(x, ) for convenience, where wy(x, %) is defined in
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T,

Eq. (). With the assumption that |(X;, 6; ;)| < 1, the following result holds for each ¢ = 1

Wi (Xy) U/t+1 (X, i )
1 =1
AN 0g< W, (Xy)
wy (X, 1) )
g( YD) oot >>
1 (Xy)
;10g< 7Tt |Xt ’Y/K e 7]<Xtvéi,,>>
eV
(b) X3) K R
Slog( Ft ‘ :) 7/ (1 <Xt79i,t>+77 X, 0,4 )
eV
Xt) K A
| t 7/ <_77<Xt79i,t> Xt7 it ))
Z(Xt, bic). (D
2%

| |
Fn
<

‘Xt (‘77 <Xtaéi,t> +n° <Xt79m> )

< Z
ev
where equality (a) uses the definition of 7 (¢|X}) in Eq. (3), in step (a) the inequality e=* < 1 — z + 2 that holds
for z > —1 is used, and in step (b) the inequality log(1 + z) < z that holds for z > —1 is used
The key to this proof is in the following. By drawing X from the distribution D that is independent of the entire
interaction history Fr, and substituting X; with X, we have that
Wi (X )}
=E|log ——+"|.
} { W)

Wi(Xy)

E |:1 Wt+1 (Xt)
This is because X; and X are i.i.d., and for each term log(W;.1(X¢)/W3(X%)), only X, is substituted with X while
Wep1(Xe)
[ W-:EXt)

} for each ¢, which leads to the

X1 remain unchanged. Repeatedly, we apply this step to E |log

Xq,...,

following lower bound
Wi (X0) W
t+1(Xt) Zl t+1 1

E[E log (%)
_ Wri1(X)
—E[l‘)gvﬁm}

t=1
YE [log wT“V(V)f&T)(X”}
r T
E) E n Z <X 97TT > log K]
L t;l
(QE Z<Xt, o ( Xt)t> logK‘|
T
S i ] , (12)

=1lieV
K, and step (c) is realized by substituting X with X} in each of

) > w1 (X, 7 (X)), step (b) is derived from the definition of

X)) =

where inequality (a) is due to the fact that W (
wp41 (X, mp (X)) and the fact that log (W1 (
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<X , é”( X),t> as X; and X are i.i.d. Combining the upper bound in Eq. (TT) and the lower bound in Eq. (I2) gives

. ZT: > wr(ilX0) (X1, 010 ) — log K]

t=1ieV
<E in;; 7T?1(Z_|)§t) (‘71 <Xtaéi,t> + 772 <Xt7 éi,t>2) + %’17) 162‘/ <Xt, élt>] .

Reordering and multiplying both sides by 1_77 gives

ZZ i (il Xy) — (i |Xt))<Xt7 Lt>]
t=1icV
E ET:ZW?(”XQ <Xt7éi,t>2

t=14icV

1—7)log K
NS

S5 (k- mrtiin) <Xt,éi,t>] |

t=14icV

Furthermore, combining Claim 2] with the fact that

[iZ (¢ = mrtilxn ) (e0ur)

and (1 — ) < 1, we conclude with

< 2T,

_ liz(m X)) (X0

t=11€V

Z > mi(ilx) (X, t>2] .

t=14icV

ZZ% (1| X¢) — 7 (i |Xt))<Xt» zt>‘| <£+2 ~T + nE

t=14icV

Since the above steps hold for any 7 € II, we have that

RS <xt,ey,t>2] .

t=14i€V

log K
Rr < B2 Loy +4E
I

A.4 Proof of Theorem[l

Before presenting the proof of Theorem|[I] we restate the following two graph-theoretic results from Mannor and
Shamir| (2011)); |/Alon et al.|(2017) for convenience.

Lemma 2 (Lemma 10 in|Alon et al.| (2017)). Let G be an undirected graph. For any distribution 7 over 'V,

7 (1) .
;/ (i) +Zj:ji>i () < a(Gy).

Lemma 3 (Lemma 5 in|Alon et al.|(2015)). Let Gy be a directed graph and 7 be any probability distribution over
V. Assume that w(i) > e for all i € V for some constant 0 < € < % Then,

(1) 4K
Z m(@)+ > o« m(g < 4a(Gy)log a(Gy)e
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2
Proof of Theorem([l} Using Lemma we are left to upper bound the term E [ZtT_l Y ey (i Xe) <Xt, Gi,t> } .

Substituting Eq. (@) into this term yields,

]Iz'es, (X, i e e
Zﬂt i X¢) <Xt, zt> =E Zﬂt i X+) { ;t}t( t )XtTE X, X, 271X,
= = g (i X¢)

) 1{i o
<E wa(ﬂxgmsz—lxtsz—lxt (13)

2 (i)

b) E Z]Et |:]I{Z S SI,)t}
eV qt
A

Xt} 06 X)X 2 X X2 X |

where the step (a) is due to the fact that ZQ(Xt, ;) < 1, and step (b) uses the law of total expectation. We have the
following result for term A:

q7 (1] X¢) B qz (1| X+) B (i) X))

A= Z 7(j]1X¢) q: (1] X¢) 1
€S ¢

According to Lemmas 2] and [3] we know that
Z Tr? (Z| ) Qt
o alilXy) — T

where Q is a(G}) for undirected graph setting and 4a(Gy) log(4K? /(c(Gy))) for directed graph setting. Also,
@ is independent of X; and X;. Thus,

B[S X)) <Xt,éi,t>2

eV

<E[Q]E {ijﬂf(tf(jzflxt}

—E[Q,]E [ H(EIX, X 1XtXT)]
=dE [Qt]

In addition, we must ensure that n ‘<Xt, ézt>’ <lforallt=1,...,T:

i I{i € Si+} Ty-1 Ko?
X70i>—7‘x XX <
‘< t: Vit PRGE) iy (Xe,1)| < pY—
where we use the fact that ¢, (i|X;) > 77 (i[X;) > %, l,(X;,4)| < 1, and ’X;E’l)z} < f—2 Choosing
V= "f'.’Q guarantees 7 ‘<Xt,éi7t> < 1, which concludes the proof. ]

A.5 Proofs of Corollaries[I and

Proof of Corollary[l} Given the fact Q; = «(Gy) in Theorem[I] and assuming o(G) < oy fort = 1,..., T, we
conclude that

T
Rp=0 <2K02T/)\mm +dy ozt> logK |,
t=1

: _ log K
by setting nn = \/2K02T/>\mm+d ST O
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Proof of Corollary[2] Define f(z) = 4zlog(4K?/(27)) for = < K, and we have that
4K?

f(z) = 4log —— — 4log z — 4.

Y

Notice that 4 log(4K?) > 4log 2, and so f(z) is an increasing function as long as log(1/v) > 1. If a(G}) < oy for
t=1,...,T, the following result holds if log(1/v) > 1,

2

4
a(Ge)y

2

4
{404(Gt) log } < 4oy log

Q7Y

By choosing n = \/1/ (K0T [ Amin + 4d Zt L oy)and y = ”K , we conclude that

Ko? d
Rp=0 ( T+ 4dZat> log(KdT)

min t=1

O
B Proofs for Section 3
B.1 Proof of Claim
Proof.
ZT?(”Xf) <Xtaéi,t> ] Zﬂ't |Xt |X ) T 5 XgﬂzilEt |:H{’L S S[ht}XtXtT’ Xt:| ei,t
i€V eV
(a) . q: (i X¢)
= (0| Xy) ———— (X4, 0;
ieZV i t)Qt(l|Xt)+ﬁt X bie)
(4| X¢)
=) (i Xe) (X, 0i0) — B Y —— Xy, 0i¢)
;/ ¢ (X0 (X, Bie) = tz‘:/Qt(Z|Xt)+ﬁt< o fie)
where the equality (a) holds because I{i € Sy, ;} and X, are independent. O

B.2 Proof of Theorem 2
To prove Theorem we need the graph-theoretic result from Kocak et al.|(2014)), which is restated here.

Lemma 4 (Lemma 2 in |[Kocak et al.| (2014)). Let G be a directed or undirected graph with vertex set V =
{1,...,K}. Let a(GY¢) be the independence number of Gy and 7 be a distribution over V.. Then,

(i) [K2/c] + K
iez\/c+7r(i) — < 20(Gy) log <1+) + 2,

a(Gy)

where c is a positive constant.

Proof of Theorem 2] We start by recalling the notation w;(x,7) = exp <—T)t Z 11 < 0; >> /K in Eq. (), and
introducing Wi(z) = > oy wi(w,i) and W(x) = > .oy exp( Mi—1 Zé 1< >) /K. The proof fol-
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lows Kocak et al.| (2014) with some additional techniques.

1 log Wi (Xe) Z wy (X4, 19) o (Xe010)
Nt Wt(Xt) 77t Wt Xt

i€V
:11%(§:ﬁumnemwﬁw0
"It iev
< %log (; (i X)) (1 — e (X1 0i0) + 1m (.6, t>2>>
— %log (1 + iezvﬁf(ﬂXt) (Ut <Xf,, é1f> + %77? <Xta é“>2>>

(b) 1 Zﬂt (i X,) (_7725 <Xt,éi,t> + 1"7t <Xt,92 t>2> ’ (14)

where step (a) uses the inequality exp(—z) <1 — z+ 22/2 that holds for z > 0 and step (b) uses the inequality
log(1 + z) < z that holds for all z > —1. Notice that

1 : ~
Wit (Xy) = Z ?67”‘“ i (Xe0i)

eV
R Nt41
_ Z ( DY <Xt10'i,t>) nt
zGV
41
(a) 1 t 5 t
_ Mt ZS: Xtuei,t
i€V

Nt+1

= (Wi (Xe) e,

5)

where step (a) uses Jensen’s inequality for the concave function z “ie for all 2 € R as n; is a decreasing sequence.

Taking the log(-) on both side of Eq. (I3), we have that
1 log Wi (Xe) | log Wiy (Xi)  log Wi(X)
et Wi(Xe) — Ni+1 us .

The following fact that can be easily interpreted using the same techniques as LemmalT}

E zT: (1oth+1(Xt) _ loth(Xt)) B [log Wra(X) IOgW1(X)}
t=1 Nt+1 0t p— n
SE [longH(X, (X)) B log W1(X)}
a nr+1 m
log K T )
=k ~E | {X by
[UT+1 } Lz_:l < T(X),f>]
log K T R
=" [nT—&-l :| -B [; <Xt7 GTI'T(Xt),t>‘| s (16)

where X ~ D is independent from the whole interaction history F;. Wrapping up above steps in Eq. (14)
and Eq. (TI6), and applying the Claim [3| the 6, ; is an optimistic estimator that E {Zthl <Xt, éﬂT( Xt)7t>] <

E {ZtT:l <Xt, eﬂ'T(Xt),t>:| , we have that

log K
e [25K] e | (i)

NTr+1

<El22m i1X,) (<Xt,91-,t>+;m<Xt,éz—,t>2)]. (17)

i=14i€V
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Notice that

E |3 x(ilXe) <Xt,9},t> =E|E | > wf(ilXe) <Xt,9},t> XtH
= =
a) W?(”Xt) )
E g‘;ﬂt 1 Xe) (X¢,6i0) — 5t§;qt(i|xt)_|_6t<Xt79z,t>1
2 lzﬂt |Xt Xt7 zt> 5tQt]a
eV

where step (a) is due to Claim 3] and step (b) uses Lemma]and (X, 6; ;) € [0, 1]. Also,
A 2 A 2
E (n: Z 7 (i) Xy) <Xt> 9i,t> E; lm Z (1| Xy) <Xt, 9i,t> | XtH
eV

eV
} 2—1Xt]

=E

SE|ED2 wﬁg'ﬁ%)m RIRELRERY

_ i (6 Xe) e (] Xe) -
= E””§:<%mxa+602X:21X4

_ i (4] X¢)qs (4] X ) Twe—1
=B\ ZV (qe(i]Xy) + 5t)Qt(i\Xt)Xt XX

(a)
< E[nQur(E7' X X)] < EmQild,
where step (a) uses Lemmad] By reordering the results in Eqs. (I7), (I8), and (19), we have that
T

t=1 Ni+1

Plugging in 7; and /3; and using Lemma 3.5 in|Auer et al.| (2002c), the result in Eq. (20) becomes

T
Rr <2(1+ VA)E $ <K+2Qt> log K | |

t=1

which holds for all 7 € II.

B.3 Proof of Corollary 3]
Proof. Notice that x log(1 + a/x) is an increasing function of x € (0, oo] for any a > 0, and thus

(K2/§]+K>+27

Q: < 2a4log (1 +
if a(Gy) < ayfort =1,...T. Using the fact

log (1 + W) < log (1 LS tK/ofg K+ K) = O(log(KT)),

Qi

we conclude that

Rr=0 \JZatdlogKlogKT ,

t=1

for both directed and undirected graph settings.

20

T
E | (mf (il X:) = mr(i X)) <Xt,9t>] <E [logK} +ZIE BiQ:] + ZE 7:Qq] -

(18)

19)
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